WHITE NOISE CALCULUS AND HAMILTONIAN OF 
A QUANTUM STOCHASTIC PROCESS 



WILHELM VON WALDENFELS 

Abstract. A white noise quantum stochastic calculus is devel- 
opped using classical measure theory as mathematical tool. Wick's 
and Ito's theorems have been established. The simplest quantum 
stochastic differential equation has been solved, unicity and the 
conditions for unitarity have been proven. The Hamiltonian of 
the associated one parameter strongly continuous group has been 
calculated explicitely. 
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Introduction 

The object of this paper is at first to establish a white noise quantum 
stochastic calculus using classical measure theory as mathematical tool. 
Secondly we solve the simplest quantum stochastic equation written in 
normal ordered form [4] 

—U* = AxafUt + AoafUlat + A^V\a t + BU\ (1) 
U s s =l 

and show the unitarity of the solution. Thirdly we derive the Hamil- 
tonian of the associated one-parameter strongly continuous group in 
the explicite form 



where 



H = id + + M a + a + M^a + G (2) 



A x = ] -^M 1 

i - M /2 

A - Mo 
/i — 



-M /2 



Mo/2 

B—iG-iM^-^Mx (3) 

Quantum stochastic calculus can be considered as a kind of one di- 
mensional field theory. The basic quantities are the creation operator 
af and the annihilation operator at of a particle at t G R.In the con- 
text of quantum probability these operators are called quantum white 
noise operators. Treating them in a mathematical rigorous way is not 
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straight forward. Accardi et al.|3] use Schwartz's distribution theory, 
Obata et al. [22]use the theory of Gelfand triples. We apply just classical 
measure theory exploiting the positivity of the white noise operators. 
Equation (1) has been stated and solved in an other form at first by 
Hudson and Parthasarathy [23J. The kernel formalism developped by 
Maassen and Meyer |20j [25J [26J . is dual to white noise calculus. There 
the equation can be solved too. 

Equation (3) occurs in what Accardi calls the Hamiltonian form of 
the quantum stochasic differential equation [2J[13J[14J[5]. The Hamil- 
tonian form of a quantum stochastic differential equation is a related 
but different object to the Hamiltonian considered here. Neither the 
obvious connection nor Accardi's time consecutive principle have been 
regarded in this paper. 

Denote by Q(t) the time shift by t, then 

W{t) =®{t)Ul; W(-t) = W(t) + ; t G R (4) 

forms a unitary, strongly continuous one parameter semigroup on the 
Fock space. By Stone's theorem there exists a selfadjoint operator H, 
called the Hamiltonian, such that 

W(t) = e~ lHt . (5) 

So the existence of H is clear, what was not clear,was an explicit an- 
alytic expression representing H. The problem was posed by Accardi 
PQin 1989, solved for the case of commuting L and L + by Chebotarev 
[TO] in 1997 and finally solved by Gregoratti in 2000 in his thesis |15j . 
I presented in a previous paper for the case A a different approach 
using Maassen-Meyer calculus and obtained Gregoratti's result with a 
different proof and in a different, more intuitive representation. Here I 
treat the general case, use white noise calculus, calculate the resolvent 
and arrive at formula (2). Our result is again equivalent to that of 
Gregoratti. 

The basic equations for the white noise operators are 

[a s ,a?] = 5(s-t) (6) 
a s $ = 0, 

where $ is the vacuum. Let us as first approximate the creation and 
annihilation operators. Assume a continuous function ip of compact 
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support in R and a continuous symmetric function / on R™ then 
(a + (¥>)/)(*o, • • ■ ,t n ) =(p(t )f(t 1: ■■■ ,t n ) + <p(*i)/(f , *2, • • • , t n )+ 

1" <P(tn)f{tQ,h, ■ ■ ■ ,t n -i) 

(a(v)/)(*2, • • • ,t n ) = / <fti<p(ti)/(fi, • ■ ■ ,t n ). 

Shrink = ip(t) to 5(t — s) and obtain 

(a + (s)f)(t , t ± , ■ ■ ■ , t n ) =5{t - s)/(ti, • • • , f n )+ 

h S(t n - s)f(t , ■ ■ ■ ,t n -i) 

a(s)f(t 2 , ■ ■ ■ ,t n ) = J dti8(ti - s)/(*i, -..,*„) = f(s,t 2 , ■■■ ,*„) 

The 5-function can interpreted in three different ways. Denote by e s (dt) 
the point measure at the point s e R and by e(rft) the function s i— > 
e a (dt). Then 

(f) 5(t — s)ds = e t (ds) 

(2) 8(t - s)dt = e s (dt) 

(3) 8(t — s)dtds = e s (dt)ds = e t (ds)dt = \{dt, ds) 
with / X(dt,ds)g(t, s) = J dtg(t,t) 

We use mostly the first possibility and arrive at 

(a + (ds)f)(t ,--- ,t n ) = (a + (e(ds)f)(t ,--- ,t n ) 

= £t (ds)f(t ir -- ,t n ) + --- + e tn (ds)f(t ,--- ,t n -i) (7) 

So the function (p is replaced by the function 1 1— > e t (ds). For the second 
possibility we use a gothic a in order to distinguish. 

(a + (s)/)(t , ■■■ ,t n ) = e s (dt )f(t u ■■■ ,t n )-\ \-e,(dt n )f(t , ■ ■ ■ ,t„_i) 

This expression has to be interpreted in the notation of L.Schwartz, 
who identifies measures having a density with respect to Lebesgue mea- 
sures with their densities. So in usual notation 

(a + (s)f)(dt , ■ ■ ■ ,dt n ) = e s (dt )f(t l , ■ ■ ■ ,t n )dti ■ ■ ■ dt n H 

+ e s (dt n )f(t , ■■■ , t n -i)dt ■ ■ ■ dt n -!. (8) 

We shall use this notation only in the last section. The third possibility 
occurs in hidden form in calulations further on. 
For the annihilation operator there is no problem 

(a(s)f)(t 2 ,--- ,t n ) = J e s (dti)/(ti, • • • ,*n) = f{s,h,--- ,t n ) (9) 
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We obtain the commutation relation 

[a(s),a + (dt)} = e s (dt). (10) 
Define the infinitesimal number operator 

n (ds) = a + (ds)a(s), (11) 

then 

n 

(n(ds)f)(t ir -- ,t n ) =^2e ti (ds)f(t 1 ,--- ,t n ). 

i=i 

We introduce the space 

fR= {0} + M + M 2 + ... (12) 

where the + -sign indicates disjoint union We introduce in 9^ the 
Lebesgue measure 

/ f(w)dw = /(0) + f] ^ [ dh--- dt n f(h, ■■■ ,t n ) (13) 

The Fockspace T is the space of all square integrable symmetric func- 
tions on 91 

A normal ordered monomial of creation and annilation operators is 
of the form 

a + (dt ai ) ■ ■ ■ a + (dt ai )a + (dt bl ) ■ ■ ■ a + (dt bm ) 

x a(dt bl ) ■ ■ ■ a(dt bm )a(t ci ) ■ ■ ■ a(t Cn ) = a + (t a )a + (tp)a(tp)a(t 1 ) (14) 

with 

a = {a u ■ ■ ■ , dj}, = {h, ■ ■ ■ , b m }, 7 = {c u ■■■ ,c n } 
We make for (1) the Ansatz 



U» = III u t s (t a ,tp,t^)a r (dt a )a + (dtp)a(tp)a(t 1 )dt 1 

' ' ' n '"' ' Ja,P,l 

(15) 



l\m\n\ 

l,m,n=0 



and assume that 

(t, t a , t/3, t 7 ) I— > Ul(t a , tp, ty) 

is symmetric in t a and in tp and in t 1 and is locally integrable. Then 
there exists a unique solution which can be explicitely given as follows. 
Assume that all points t, t a , tp, £ 7 are different , denote p = I + m + n, 
and order the set 

t a U tp U t 7 — {si < • • • < s p } 
5 



in increasing order and define ij = 1,0,-1 if Sj G t a ,tp,t^ resp..Then 

U\{t w t b , t 7 ) = l{t a UtflUty C]S, t[} 

x e {t - Sp)B A ip e {Sp - Sp ~ l)B A ip ^ ■ ■ ■ A l2 e {s2 ~ Sl)B A h e {si - s)B (16) 

The function it* has remarkable analytical properties, e.g. it is smooth 
except a finite number of jumps. We define a class of functions C 1 
which includes and has the same essential properties. 

In order to prove unitarity one has to deal with products of normal 
ordered monomials. These are not normal ordered any more, but they 
are admissible: if a + (dt) and a(t) occur in the same monomial then 
a + (dt) must be left of a(t). The theory of admissible monomials can 
be done in any locally compact space. We improve some previous 
studies [30] , prove Wick's theorem and establish duality. 

Using that theory and the properties of C 1 functions we are able to 
show a generalization of Ito's theorem. With its help we establish the 
unitarity of U%. Denote by C V, k = 0, 1,2, ••• the subspace of 
those functions for which 

(f\(N + i) k \f) = jr I n/(ti, ■ • • , Qfdt, ■ ■ ■ dt n < oo. 

n=0 n ' J 

Then is invariant with respect to U\. 

In order to describe the Hamiltonian we split the point G R into 
two points and introduce M — ] — oo, — 0] + [+0,oo[ with the usual 
topology and Lebesgue measure and define 9^0 accordingly. We define 
the measures e±o and 

(a±o/)(* 2 ,-- - ,t n ) = f{±0,t u --- ,t n ) (17) 

(«4o/)(*o,-" ,*n) = £±o{dt )f{ti, ■ ■ ■ ,t n )H \~ £±o(dt n )f(to, - ■ ■ ,tn-l) 

We define 

e =i(e+o +e_ ) a=|(a+ + o_) a + =i(o+ + at). (18) 

The symmetric derivative d is defined for functions on £Ho [29]. It is 
the second quantization of its restriction to functions on Rq, which are 
continuously differentiable outside 0. Take as example the Heaviside 
function 

Y (t) - / 1 for 1 > 
1 w \ for t < 

and not defined for t = O.Then 



dY{t) = (Y(t + 0) - Y(t - 0))e o (dt) = i (dt) 
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This notion is very much related to the notion of a 5- function on sim- 
plices, introduced by J.Gough[T3"] and by Accardi ,Lu and Volovich[3j 

We introduce the preliminary Hamiltonian 

H = id + + M a + a + M^a + G. (19) 

with 

Mi = M+! M = M+ G = G + . (20) 

We define 

/■oo 

Z= e-'Q^dt, 
Jo 

where Q(t) is the time shift. The domain D of H is the space of all 
functions of the form 

/ = Z(/ + a+/i) 

with 

(a + f)(t 0} --- ,t n ) =£o(dt Q )f(tx,--- ,t n )-\ he (dt n )f(t 0} --- ,t n ^) 

using again Schwartz's convention and with / G I^, /j G T 2 . So if 
maps D into a space of measures on 9^, which might be singular at 
the origine ±0. 

Denote by D C D the subspace where is non-singular, then 
D C Djj, where Dh is the domain of H and Do is dense in T. On D 
the operator if equals the restriction of H to D and if is the closure 
of the restriction. 

Gregoratti uses as well the operators a± but he does not employ the 
singular operators a±. Therefor his expression for H is not symmetric. 
To prove symmetry, he has to impose boundary conditions. These turn 
out to be equivalent to our restriction to ifo- We base the characteri- 
zation of the Hamiltonian on the resolvent, where as Gregoratti uses a 
direct approach. 

1. Admissible monomials 

1.1. Some notations. Let A be a set . We denote by 2U(A) the set 
of all finite sequences of elements of A or words formed by elements of 
A and write for short X = 2U(A) and we have 

X = + A + A 2 + -- - 

We use the plus sign for denoting disjoint union of sets. We denote 
by ©(A) the set of finite subsets of A and by 9Jt(A) the set of finite 
multisets of A. A multiset is on A is a mapping m : A — > N = 
{0, 1, 3, • • • } The cardinality of m is Jjm = Y^xex m ( x )-- The multiset 
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is finite if its cardinality is finite. We may write multisets in the form of 
an enumaration m = {x±, ■ ■ ■ ,x n }°, where x G X occurs m(x) times. 
So not all Xi must be different. If w = (x±, • • • , x n ) is a word and a is 
a permutation,then 

aw = • • • ,x a -i {n) ) 

The word w defines a multiset 

Tfl w {^1, j 3?n} 

If w' is another word, then m w / = m w iff there exists a permutation 
changing w into w'. 

An n-chain is a totally ordered set of n elements 

a = (ai, • • • ,a n ) 

We denote by x ± the word 

x a (^ai 5 ' ' ' 5 ^a n ) 

If a is the underlying set of a, we denote by 

X a = {iCai 5 ' ' ' 5 ^(in } 

the corresponding multiset, as it does not depend on the order of a. 
That is the usual way we are writing multisets. 

A function / on X is called symmetric, if f(w) = f(crw) for all 
permutations of w. If a is an n-set, i.e. a set with n elements , then 
f(x a ) is well defined. 

A function / on I is called symmetric, if f(w) = f(crw) for all 
permutations of w. If a is an n-set, i.e. a set with n elements , then 
f(x a ) is well defined. 

In order to avoid unnecessary complications, we shall only consider 
locally compact spaces countable at infinity. Assume now, that X is 
a locally compact space, provide X n with the product topology and 
X = 2U(X) with that topology where the X n are as well open and 
closed and where the restriction to X n coincides with the topology of 
X n . Then X is locally compact as well, its compact sets are contained 
in a finite union of the X n and their intersection with the X n are 
compact. 

If S is a locally compact space, denote by JC(S) the space of complex 
valued continuous functions on S with compact support and by Ai(S) 
the space of complex measures on S. If /i is a complex measure on X , 
we write 

li = (j, + nx + /i 2 H 
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where \i n is the restriction of \i to X n . We denote by \I> the measure 
given by 

*(/)=/(«)• 

Then /x is a multiple of If a is an n-chain, we denote 

fl{dXa) = H n (dx ai , ■ ■ ■ dx a J 

If fi is a symmetric measure, then (j,(dx a ), where a is an n-set is well 
defined. 
We define 

I fi(dw)f(w) = At o /(0) + y2-T [ ^n{dxi, • • • , dx n )f{x u ■ ■ ■ , x n ) 

Jaw n=1 « ! y 

Instead of / A (^ we write often f A ore simply J. Similar 

/ fi(dx ir ■ ■ ,dx n )f(xi,- ■ ■ ,x n ) = ^- I fx(dxi, ■ ■ ■ ,dx n )f{x 1 , ■ ■ ■ 
Ja(x™) n - Jx n 

If X = R and 

SK = {0} + R + R 2 + ■ ■ ■ 
and if \i is the Lebesge measure 

/ /idx! ■ • •dx n f(x 1 , • • ■ ,x n ) = / dxi • • -dx n f(x 1: • ■ ■ ,x n ) 

JA(MP) Jxi<-<X„ 

A hierarchy is a family of finite index sets 

A = {o ,Oi,o 2 , • • • }, 
such that = n. We write 

/ fi(dw)f(w) = / /i(dx a )f(x a ) 

Ja(X) JA,aeA 

= /^o/(0) + 5^-r / Vn(dx an )f(x an ) 

n=l J 

or simply 

/ H(dx a )f(x a ) 
J A,a 

or 

J a 

if the context and the variable x is clear. 



1.2. Sum Integral Lemma for Measures. We recall the sum inte- 
gral lemma . We shall need a stronger result, a sum integral lemma 
for measures, as it was written in our papers [26J [29J For the sake of 
completeness we shall reformulate and prove it. 

Lemma 1.2.1. [Sum-integral lemma for measures]. Let be given a mea- 
sure 

fj,(dwi, • • • , dwk) 

on 



x k = x ' ni x ■■■ xnk , 



711,— ,7l)s 

symmetric in each of the variables uii and assume that 



y— 



n x \---n h \ 

is a bounded measure on X k where fi ni ,-,n k is the restriction of fi to 
X ni x ■ ■ • x X nk . Then 

/ •■• / n(dwx, ■ ■ • , dw k ) = / u(dw) 
Ja(x) Ja(x) Ja(x) 

where v is a measure on X and ^2(l/n\)u n is a bounded measure, where 
v n is the restriction of v to X n and 

u n (dxi, ■ ■ ■ , dx n ) = fA#p li ... i #p k (dxi3 1 ,---,dxi3 h ). 

ft+-+/3 fc =[l,n] 

where • • • , Pk ore disjoint sets. 

Using hierarchies A\, ■ ■ ■ ,Ak,B we may write 



With 



n(dx ai , ■ ■ ■ ,dx ak ) = / v{dxp) 

A,aieAi JA,a k eA k J A,f3£B 



v{dx p ) = ^2 Kdxfa, ■ ■ ■ ,dxp k ) 
n(dx Pl ,--- ,dxp k ) = H#ih,~,iH3 k (dxih>--- ,dxp k ). 



Proof. 



fi(dwi, • • • , dwk) 

A(X) J A{X) 



^ j / / | , V>m.,— ,n/t (dx ai , ■ • • , dx an ) 



11,— >«* 



X n i J X n k Till • ' ' Tlk- 
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where the oti are the intervals 

ai = [l,ni],a 2 = [ni+l,n 1 +n 2 ], ••■ ,a k = [nH n fc _i+l,nH hn fc ] 

Fix ni, • • • , rifc and put n — n\ + • • • n^.Then Then 



where the sum runs through all permutations of n elements. The sub- 
sets a(ai) = Pi have the property 



Fix Pi, • ■ ■ Pk with property (*). There are exactly ri\\ ■ ■ -n^. permuta- 
tions a, such that 

a(ai) — Pi for i — 1, • • • , k. 
Hence the last expression equals 



where the Pi have the property (*). □ 

1.3. Creation and Annihilation Operators on Locally Compact 
Spaces. We define creation and annihilation operators for symmetric 
functions and measures on X. Assume a function if e 1C(X), a function 
/ e K, a measure v G M(X), a symmetric measure fi £ M(X). We 
define 



(a(is)f)(xi, ■ ■ ■ ,x n ) = J v(dx )f(x ,xi, ■■■ ,x n ) 

or in another notation, where a + c = a + {c} means that the point c 
is added to the set a and similar using a\c = a\{c} 

(a(v)f)(x a ) = / v(dx c )f(x a+c ) 




Pi^ Pk = [l,n],#/3j = rii. 



(*) 
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If <3> is the function 

$(0) = 1, $(x a ) = for a ^ 

then 

a(z/)$ = 
Similar if \l/ is the measure defined by 

*(/) = /(0), 

then 

a((p)V = 0. 
One finds the commutation relations 

[a(z/),a + (v?)] = J u(dx)(p(x) 

[a(v?),a + (z/)] = J v(dx)<p(x) 

and obtains 

(a + (u)ii)(dw)f(w) = / fi(dw)(a(u)f)(w) 



(a((p)n)(dw)f(w) = J fi{dw){a + {p)f){w) 

We define the exponential measures and functions 

e((p) = $ + v? + ^ 2 + --- = e a+( ^$ 
e(v) = m + v + + --- = e a+iv) <S>. 

So for a = {di, • • • , a n } 

e(ip)(x a ) = ip(x ai ) ■ ■ ■ ip(x an ) 
e(v)(dx a ) = is(dx ai )---is(dx an ). 

1.4. Multiplication of Diffusions. 

Definition 1.4.1. Let X and Y be two locally compact spaces. A 
continuous diffusion is a vaguely continuous mapping 

k:X^M + (X) 

Using the oldfashioned way of writing we note 

k = n x (dy) = K,(x,dy) 
We consider three types of multiplication of diffusions 
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(1) Let X 1 , X 2 ,Y 1 ,Y 2 be four locally compact spaces, and let 

Ki : X 1 -> A^ + (Yi) 

« 2 : x 2 -> A*+(y 2 ) 

be continuous diffusions. Then 

k:X 1 xX 2 ^ x Y 2 ) 

k(xi, x 2 ; dy 1 , dy 2 ) = Ki(x!, dyi)n 2 (x 2 , dy 2 ) 

or 

(2) Let X, Y, Z be three locally compact spaces and 

Ki : X -^M + (Y) 

k 2 :Y^M+(Z) 
be continuous diffusions, then 

k : X ^M + (Y x Z) 

k(x; dy, dz) = k±(x, dy)n 2 (y, dz) 

So 

J J K,(x;dy,dz)f(x,y) = J Ki(x,dy) J K 2 (y,dz)f(y,z) 

(3) Let X, Y, Z be three locally compact spaces and 

«i :X^7W + (F) 

k 2 : X -> A4+(Z) 
be continuous diffusions, then 

/t : X — > M+(Y x Z) 

k(x; dy, dz) = K\{x, dy)n 2 (x, dz) 

So 

^x = ^l,x ® ^2,s 

Using the positivity of the diffusions it is easy to see, that all three 
types of multiplications yielt again positive continuous diffutions. We 
shall not introduce symbols for the multiplications, but use instead the 
indication by differentials. 

We are mostly interested into the diffusion 

e : x e X i ^ e x e M+(X) 
J £x(dy)(p(y) = (p(x), 

13 



so e x is the point measure in the point x. We have the three ways 
of defining the product of two point measures. If the 4 variables 
Xi,x 2 ,x 3 , x 4 are different, then we may define at first the tensor product 

e Xl (dx 2 )e X3 (dx4) = e Xl <g) e X3 (dx 2 , dx±) 
J J e Xl ® e X3 (dx 2 ,dx4) f{x 2 , x 4 ) = f(x 1 ,x 3 ). 

The second way is 

e Xl (dx 2 )e X2 (dx 3 ) = E Xl (dx 2 , dx 3 ) = e Xl ® e Xl (dx 2 , dx 3 ) 

J J E Xl (dx 2 ,dx 3 )f(x 2 ,x 3 ) = f(x!,xi). 

The third possibility is 

(dx 2 )e xi (dx 3 ) = £ X1 ® £ Xl (dx 2 ,dx 3 ). 
We omit the variable x and write only the indices and denote 
£ Xb (dx c ) = e(b,c) and E Xl (dx 2 ,dx 3 ) = E(l;2,3). 
We want to define the product of the set 

{e(bi,Ci) : % = 1, • • • ,n}. 

Consider the set 

S = {(61, ci),-- - , (6„,c„)}, 

where all the 6j and all the q are different and bi 7^ q. We introduce 
in 5 the structure of an oriented graph by defining the relation of right 
neighbor 

(b, c) > (&', c')^c = b'. 

An element (b, c) has atmost one right neighbor, as (foj, q) > (bj, Cj) and 
(6i,Cj) > (6fc,Cfe) implies 6j = 6^ and j = fc. So the components of the 
graph S are either chains or circuits. 

We have to avoid the expression e x (dx). This notion makes no sense 
and if one wants to give it a sense, one runs into problems. If X is 
discrete, then e x (dy) = 5 XtV and e x (dx) = 5 XjX = 1. If X = R,then 
e x (dy) = 5(x — y)dy and if one wants to approximate Dirac's delta 
funtion one obtains e x (dx) = 00. 

Consider a circuit 

(1, 2), (2, 3), • - • , (fc - 2, A; - 1), (A; - 1, 1). 
It corresponds to a product 

e(l, 2)e(2, 3) • • -e(k - 2, k - l)e(k - 1, 1). 
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Integrating over x 2 , • • ■ , Xfc-i one obtains e(l, 1), which cannot be de- 
fined. So in order that niLi c «) can ^ e defined, it is necessary, that 
the graph S contains no circuits. 

In the contrary,if (1, 2), (2, 3), • • • , (k — 2, k — 1), (k — 1, k) is a chain, 
then by extending the second way of multiplication we have 

e(l, 2)e(2, 3) • • -e(k — 2,k — l)e(k - 1, k) 

= E(l;2,3,---,k)=e^ k - 1 \dx 2 ,---,dx k ) 

I "... / £(1;2, 3, •••,£;)/(2,3, •••,£;) = /(£!, •••,*!) 

./ J2,3,-,k 

above Denote S*_ = {&i, • • • , &„} and 5+ = {ci, • • • , c n }. If 5 contains 
no circuits, then any p G S_ \ S + is the starting point of a (maximal) 
chain (p, c pA ), (c pA , c P)2 ), • • • , (c Pjfc -i, c Pife ). Denote 7r p = {c pA , ■■■ , c Pjfc }. 
We have 

e(p» c Pi i)e(c Pi i, c Pi2 ) • • • e(cp )fc _i, c M ) = f?(p, tt p ) 
where explicitely 

tf(p,7r p )= e ^(d*0- 

Finally we define 

Definition 1.4.2. If S contains no circuits, then 

n 

E s = Y[e(b i ,c i )= J] E(p,7r p ). 

i=0 P eS-\S+ 

1.5. Measure Valued Finite Particle Vectors. We generalize the 
creation operator a + to the diffusion e : rr i— > e x and define 

(a + (£(dy))/)(a; a ) = ^e Xc (dy)f(x a \ c ). 

We write for short, if b is an index 

a + (e(dxb)) = a + (dxb) = a£. 

Similar 

a(e Xb ) = a b . 
If a — {bi, • • • , 6 n } is a set, then 

<£ = <••• < 

We define the continuous diffusion 

$ a : X -> X a 
$ a = a+$ 
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where 



$ a (xv) = e(v,a) 



for v fl a = and 



a) 




nr=ie(M6i)>6<) if #« = #^ 



otherwise 



Here the sign — > signifies a bijective mapping. So the sum runs over all 
bijections from a to v. We call $ a is a measure valued finite particle 
vector. 

Assume a set a = {s±, • • • , s m } and a set 5 = {(foj, q) : i = 1, • • • , n}, 
where all the elements b{ and q are different. Denote as above S- = 
{bi, • • • , b n } and S + = {ci, • • • , c n } and assume that a fl 5+ = 0. We 
extend the relation > of right neighbor from S to the pair (cr, S) by 
defining 



If the graph (cr, S) is without circuits and (cr U S + U S-) fl i; = 0, then 
for any / : v — > cr, the graph 



is without circuits, so we can define without problems Es$ a = <& a Es- 
The the set of components of the graph (cr, S) is 

r = i>, s) = r! + r 2 

r i = U s > ( s > c s,i), (c s ,i, c s , 2 ), • • • , (c s ,k s -i, c s ,fcj}; s e a} 
T 2 = {{(t, ct,i), (ct,i, ct, 2 ), • • • , (c t , fet -i, c tifet )}; t £ S- \ (S+ + cr)}. 
Put 




SU{(c,/(c)) )C G,} 



7T 



{s,c Sj i, • • • ,c S)fcs } for s E a 

{ct,i, • • • , c(f , kt)} for t £ S-\ (S + + cr) 

5+ +CT 

5_\(5 + + cr) 



Then 



7T = 



5> + 5> 



So $ CT -E5 is a continuous diffusion 
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Definition 1.5.1. We denote by G n ^, Q the set sums of elements of 
the form & a E s , such that a fl S + = and the graph (<x, S) is without 
circuits and that 

g = S-\(S+ + a), 7T = S + + a, n = #a. 

We extend the definitions of subsectionl.3 to <3> CT and obtain for b ^ 

c; b,c a 

a b a c $ a = a c a b $ a 
a b a^ a = e(b,c)& a + a+a b $ a 

We obtain for c ^ a using a c $ = 

a c <S> c = ^2s(c,b)<5> a \ b 

Proposition 1.5.1. Assume 

f = $ a E s e g n ^ e . 

Then for c n we have 

yn+l,w+c,e\c 

and we define 

a + J = (a+$ CT )£ 5 

If c ^ it + g, then 

Gn— l,TT,g+c 

and we define 

a c f = (a c <£> a )E s 

Proof. The graph of <& a Es is (a, S').Its set of components is Y = Ti+I^ 
as above. Assume c n and consider (a+<& a )E S - The corresponding 
graph is (S', a') = (a + c,S). Denote by V = T^ + T^ the corresponding 
set of components of (S',cr'). There are two cases: 

a) c ^ S-, then r' x = r\ + {c}, T' 2 = T 2 and w' = it + c, g' = g. 

b) c = t e S-, then 

r 'i = r i + {*» (*> c t,i), (c t ,i, c ti2 ), • • • , (ct.fct-1, ct )fct )} 

r 2 = T 2 \ {(t, Ct,i), (Ct,i, Ct )2 ), • • • , (C t ,fe t -1, C tifet )} 

and vr' = 7T + c and g' = S'_\ (</ + S' + ) = g\ {c}. 
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In both cases the graph (a + c, S) contains no circuits and (a+$ a )Es 
is defined and we set 

Assume c ^ n + g and consider (a c <& a )E s . It consists of a sum of 
terms with a graph of the form (S", a") = (a\b,S + (c, b)). Denote 
the corresponding sets of components by T'{, Tf,'. Then we have 

r? = rx\{6, (6 C1 ,& C2 ), (b Ck _M} 

T'> = T 2 + {(c,b),(b Cl ,b C2 ), (b Ck _M} 

and n" = ir, g" = g + {c}. The graph (a", S") has no circuits. □ 



1.6. Admissible Sequences. 
Definition 1.6.1. A sequence 



with Ci, • • • , c n indices and i?j = ±1 and 

a+ for $ — +1 
a c /or = — 1 

zs ca/Zed admissible if 

i > j =>- {q 7^ Cj or {q = Cj and = 1, ~&j = — 1}} . 

So W is admissible, if it contains only pairs ( not necessarily being 
neighbors) of the form (af,G$) with c ^ c' or (a^,a c ) and no pairs of 
the form (a c , a c ), (a+, a+) or (a c , a+). 

Definition 1.6.2. // W 7 is an admissible sequence, define 

uj(W) = {ci,---,c n } 
u+(W) = {ci,l<i<n:&i = +l} 
uj_(W) = {ci,l<i<n:&i = -i}. 

Lemma 1.6.1. IfW is admissible and W\ C W , then W\ is admissible. 
IfW is admissible, then 

(a^,W) is admissible c lj+(W) 

(a c , W) is admissible c uj(W) 

(W, a*) is admissible c ^ 

(W 7 , a c ) is admissible c ^ 
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IfW = (W 2 ,W 1 ) is admissible, then 

(W 2 , a+, Wi) is admissible c cu(W 2 ) U iv + (Wi) 

(W 2 , a c , Wi) is admissible c cu_(W 2 ) U uo(Wi). 

Proposition 1.6.1. Assume 

^ = («£>• ••><#) 

to be an addmissible sequence. Assume disjoint index sets 7T and g and 

U + (W)f]7V = 

u-(w) n (tt + e) = 0. 

Define for k — 1, • • • , n 

W* = («Jf.-.«S) 

Set 7To = vr, f?o = (0 ond 

7T fc = 7T + CJ + (W fc ) 

f? fc = f ? \(cu + (^)\^(^ fc ))+^(^)\^ + (^ fc ), 
where for sets a, /3 

a \ /3 = a \ (a n (3). 

Then 

a &h ■ G —> G 

and the iterated application 

M = a t : ■ ■ ■ atl ■ - G«,< 

with 

7r' = Tl + U + {W) 

q> = e \ (u+(W) \u-(W)) +u_{W) \u+(W). 
Definition 1.6.3. // 

W = (ai : ,---,ail) 
is an admissible sequence we call 



an admissible monomial. 



Proof. We prove by induction. The case k — 1 is trivial. Put 
Uk = uj(Wk) etc. .Assume 

TTfc-l = 7T + CJ +jfc _i 

Qk-l = Q\(u+,k-i\v-,k-i) +v-,k-i\v+,k-i 
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Assume = +1. In order that a+ is defined, ^ 7Tfc_i. But ^ 7r 
by assumption and Ck 4- as Wfc is admissible. So 

Now 7r fe _! + Cfc = 7r + c<j +)fc = 7r fe and it can be seen easily, that 

Qk-i \c k = Qk- 

Assume now,that $k = — l.In order that a Ck is defined, 

Ck <£ 7Tfc-i + Qk-i C n + + u k -i- 
But Ck 7r + g by assumption and ^ u^-i, as is admissible. 

But = cu +i fc_i and 

TTfc = 7T + = TTfe-1 

£fc = £ \ (uJ + ,k \ ^-,k) + (<^-,fe \ ^+,k) 

= Q \ (w+,fc-l \ ^-,fc-l) + (W-,fc \ W +>fc ) + Cfc 

= + c k . 

□ 

Lemma 1.6.2. Assume W = (W2,Wi) to be admissible ,denote by 
M 2 and Mi the correponding monomials and let c ^ d be indices. If 
(W2, etc j a t> 5 Wi) is admissible, so is (W 2 , af, , af , Wi) and 

M 2 ata+Mi = M 2 a+atM 1 

M 2 a c a c ,M 1 = M 2 a^ l a+M 1 

M 2 a c a+Mi = M 2 a+,a c M± + e Xc (dx & )M 2 M 1 . 

1.7. Wick's theorem. Assume two finite index sets a, r and a finite 
set of pairs S = {(fej, q) : % G /}, such that all 6j and all Cj are different 
and 6j 7^ Q.We extend the relation of right neighborhood to the triple 
(<7, 5, r) by putting for (6, c) 6 G r 

{b, c)>t •<=>- c = t 

Consider a triple (a, S, r), cr D r = and two finite sets -u, /3 such that 
the three sets <r U S+ U 5"- U r and t> and /3 are pairwise disjoint. As 

(a+a T $ w )(/3) = ^ e(r, Ui)e(/3, <r + u 2 ) 

we find that the product (a^a T ^ v )(P)Es is defined if the graph (a, S, r) 
is without circuits and we define the operator 

a+a T E s = a+E s a T = E s a+a T 
20 



that way. 

Consider an admissible sequence W = (af™, • • • , a^ 1 ) and the asso- 
ciated sets We define the set ^P(W) of all decompositions of 
[l,n] .i.e. all sets of subsets, of the form 

P = {P+,P-Ali, r i}iei} 
[l,n] =p+ + p- + ^{g i ,r l } 

p + C u + , p_ C u;_, qi e u-, Ti e lu + , qi > r\ 

Lemma 1.7.1. Assume W to be admissible and p e ^P(W). Then the 
graph (a, S, r) with 

a = {c s : s e p + }, S ={(c qi ,c ri ) :i E I}, r = {c t : t G p_} 

is without circuits. 

Proof. Let (c q ,c r ) > (c q i,c r i), then c r = c q > and r > q' as W is 
admissible. By the definition of p we have q > r and q 1 > r', so 
q > r > q' > r', and if we have a sequence (c qi , c n ) > • • • > (c qk ,c rk ), then 
qi > T\ > ■ ■ ■ qt > Tfc and as i?i = — l,i?fc = +1 we have c ?1 7^ c rfc as 
VF is admissible. This proves that S is without circuits. For the other 
components of the graph one uses similar arguments-^ 



Definition 1.7.1. For p e ty(W) we define 

[W\ P =Y[ a+ Y[e(c qi , c ri ) Y[ a ct 
sep+ iei tep- 

Theorem 1.7.1 (Wick's theorem). IfW is admissible and if M is the 

corresponding monomial, then 

m= L^V 

Proof. We proceed by induction. The case n — 1 is clear. We write 
for short pi = n), e(c(pi)) = e(c qi , c n ). Assume 

v = (ai : ,...,aiD 

to be admissible and 

N = ai"---atl. 

Consider W = (a Cn+1 , V) and define an application : ^P(VF) — > ^P(V) 
consisting in erasing n + 1. Then n + 1 may occur in one of the pi, say 
in pj , or in p . In the first case 

<P-P = {P+ + {n }, (Pi)iei\i , P-} 
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in the second case 

^_p = {p+, (pi) ieI , p_\{n+l}}. 



Assume 
then 



q = {q + , ( qj ) jeJ , q_} G %(V) 

V.: 1 q = {p: M = q} = {P (0) ,P (0 ,/eq + } 
= {q + ,(<\j)jeJ,*- + {n + l}} 
P (0 = {q+\Z,(qj)j e j,(n + l,Z),q_}. 



Consider 



a Cn+1 L^jq = a c „+i n a ^ ri £ w^)) n ^ 

s6q+ jeJ *6q_ 

= n <n £ w^)) n ^ 

s£q+ jGJ teq-+{rt+l} 

+i] n ^ii 6 ^^) 6 ^ 1 '^ n ° c * 

= E \- w \p 

peyl^q) 

Finally 

<W* = E a Cn+1 [V\= E E L^J P = E L^Jp 
qe<P(v) qe<p(v) pe^q) pe<P(w) 

Cosider now = V) and define an application ip + : 

*}3(V) consisting in erasing n + 1 then 

V?+P = {P+ \ {n + 1}, (pi)ie/, P-} 

v>l\ = {q+ + {™ + 1}, (qj)jej, q-+} 

By the same reasoning as above one fishes the proof. □ 

1.8. Representation of Unity. We extend the functional \1/ to Q nj 
by putting 

' 1 for a = 
otherwise 



and 
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Definition 1.8.1. Assume 



to be admissible and 



M = al : ...atl. 
Then we define 

(M)= £ [W\ p 

Here 9Po(W) is the set of partitions of [l,n] into pairs 7^}*=!,... , n /2 
such that q 1 > r i ,'d gi = — l,i? ri = +1. 



[W\ p = Y[s{b hCi ) 



If n is odd or *$q(W) is empty, then (M) = 0. 

As a consequence of Wick'theorem 1.7.1 we obtain 
Proposition 1.8.1. We obtain 



(M$)(0) = = 



t/0i + --- + n ^O 



If M is admissible, then 

(M$p)(a) = ^a a Ma^$> = (a a Ma+). 
We shall use this notation very often. 
Theorem 1.8.1. If M = M 2 M\ is admissible, then 

(M) = j (M 2 a+)(a a M 1 ). 

J a 

Proof. Assume 

M = ai:---atl 
M 2 = at:---ai* 



Mi = atl_l ■ ■ ■ ail 
We prove by induction with respect to A;. For k = n we have 



(M) for a = 
otherwise 
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Integration yields the result. Put M 2 = af™ ■ ■ ■ a^+l- Assume $k = — 1. 
Then 

f (M 2 a+)(a a M 1 ) = [ {M' 2 a Ck a + a ) (a a M 1 ) 

J a J a 

= [j2( M 2 a t\ b )KM 1 )e(c k ,b)= I [{M^ian+bMjeic^b) 

Ja bea JaJb 



{M' 2 al){a a a Ck M l 



a 



In a similar way one proves 

f (J^a+Xoaa+Mx) = / {M' 2 a + c at){a a Mi) 

J a J a 



□ 



1.9. Duality. We repete the definitions of subsection 1.5 Assume § a E s G 
G n ,ir,g, then n = #a, n = a + S + , g = S-\(a + S + ) and the set of com- 
ponents of the graph (a, S) is 

r = r x + r 2 

r i = {{ s , ( s > c s,i), (c s ,i, c a>2 ), • • • , (c s ,k s -i, c s , ks )}; sea} 

T 2 = {{(t, ct,i), (ct,i, ct, 2 ), • • • , (c t , fet -i, c tifet )}; t £ S- \ (S+ + a)}. 

Put 

£ s = i>,c M , • • • ,c Sifcs } for s E a 

n = {(k,i, ■ ■ , c tM ] for t E S- \ (S+ + a) 

Then 

sea teg 
So c&a-Es is a continuous diffusion 

$ a £ s (a + f?) = J2 H E ( c ^m)HE(t : 7r t ) 

f:a->a cev teg 

with q — S— \ (<j + 5+) and 

= ^ n ^ ^) n ^ ^ 
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($ a E s )(x a ) = II e ( c '/( c )W( c )' 7r /w)II S ( r ' 7r '-) 
= i[E(c^ f(c) )l[E(r,ir r ) 

f:a-oacea reg 

with £ b = {b} + 7i h . 
We have 

We may define the product 

F l F 2 {x a ) = Yl E ( C ^h(c)+Ch(c)) II ^.r + T2,r) 

/i:q-»<ti c£o re£>iU£>2 
Sl'-ot-oai 

assuming 7Ti PI 7r 2 = and using E(r,iri)E(r,ir 2 ) = E(r; ix\ + 7r 2 ) for 
7n n 7T 2 = setting£(r; 0) = 1. 

Assume a positive measure A on X and denote e(A) = A and 

e(X)(dx a ) = \® a (dx a ) = X(dx a ) = X(a) = A Q . 

Define 



n=0 

For 7Ti Pi 7r 2 = we define the application 

(F u F 2 )eg 7T1:ei xg w ^{F u F 2 ) X: 
where (Fi, F 2 )\ is a continuous diffusion 

X QlUS2 -> A^+(X U1+ ^ 2 ) 

(Fi,F 2 ) A = J (F 1 F 2 )(x a )X(dx a ) 
Using only the essential information we write 

(■Pi, F 2 ) a (tti + 7T 2 , ft U q 2 ) = J A a Fi(a, 7Ti, gi)F 2 (a, vr 2 , ft). 
Definition 1.9.1. We define the measure A on X k given by 



J A(l,..., *)/(!,..., fc) 



A(ttei, • • • , dx k )f(xi, ■■■ ,x k ) = I \(dx)f(x, ■■■ ,x) 
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So we have 

A(l)e(l,2)---e(ib-l,A;) = A(1,2,--- , k) 

If F — & a E,s G G n , s , then FX Q is a continuous diffusion X — > M w+e 
given by 

Assume 

to be an admissible sequence assume i?i + • • • i? n = 0. Define a usual 
W± (W) = {q : i?i = ±1}. Recall prop 1.8.1 

(M)= E L^Jp 
pe<p (W) 

Here *Po(W) is the set of partitions of [1, n] into pairs rj} i=1 ... >n / 2 
such that qi > r i) r d qi = — l,i? rj = +1. 

i 

Call S'(p) the graph related to p and r(5'(p)) the set of components of 
the graph. To any s G S-(p) \ S+(p) there is a component. As 

S_(p)\S + (p) = u-(W)\u + (W) = g 

for all p we obtain 

(m)\(q)= e i w \p x ^)= e n a w- 

PG<Po(W) pG<Po(W) 7Gr(S(p)) 

Definition 1.9.2. Assume 

to &e an admissible sequence, then define the formal adjoint sequence 
by 

7/M £/ie monomial corresponding to W , we denote by M + the mono- 
mial corresponding to W + . 

Using the symmetry of A one sees that 

Proposition 1.9.1. 

(M)X(u-(W)\u + (W)) = (M + )X(u + (W) \u-(W)). 
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Theorem 1.9.1. Let W\ and W 2 be two addmissible sequences such 
that W = (W^,W 2 ) is admissible too. Denote Ui = u(Wi),u±i = 
u±(Wi) and Mi the corresponding monomials for i = 0, 1, 2. Then 

M t : $ -> g vulH 

with 7Tj = u+i, Qi = uJ_i \ uj +i . We have i\\ fl n 2 = and 

(M 1 $,M 2 $) A A(f ? i U 02) = (M+M 2 )\(g ) 

Proof. Call w+ = w±(W; + ) = cu Ti . Put 

LUi = at + Pi + 7i 

/3j = cj +i n 

«j = LO +i \ UJ-i = L)ti \ LdXi 

7i = \ w +i = ^ \ uti = Qi 

Using 

(a f M 1 )A(C + 7i) = (M+a+)A(a 1 ) 

we have 

(Mx$, M 2 $) A A(gi U 02) = J (M!$)(C)((M 2 $)(C)A(C + (ft U ft)) 



c 

(M+a+) (a c M 2 ) A(ai + ( 7l U 72 ) \ 7l ) = ($, M+M 2 ) A A(£ ), 



'C 

by theorem 1.8.1. As W is admissible we have 

ol\ + (71 U 72) \ 71 = «i + 72 \ 7i = 7o = ft 

□ 

1.10. Integration of Normal Ordered Monomials. 

Definition 1.10.1. An admissible sequence 

W = (<&,...,<#), 

is called normal ordered if all the creators a+ are at left of the annihi- 
lators a c . ,i.e. 

7?i = + 1,0, = -l=>i>j. 

Using the commutation relations it is clear, that any normal odered 
monomial can be brought into the form 

a + (dx si ) ■ ■ ■ a + (dx Sl )a + (dx tl ) ■ ■■a + (dx tm ) 

a(x tl ) ■ ■ ■ a(x tm )a(x Ul ) ■ ■ -a(x Un ) = a+ +T a T+v . 
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with 

a = {si, • • • ,Si}, t = {ti, • • • ,£ m }, v = • • • ,«„}. 

Assume five finite , pairwise disjoint index sets n, a, r, v, g and consider 
the admissible monomial a. K aa +T a T+v a+ . For the associated graph S we 
have S + = a + t + g, 5_ = 7r + r + -u.So S*_ \ 5 + = n + v Following the 
last subsection (a n a^ +T a T+v a^) \ n+v is for fixed #7r, #<t, #t, #t>, #q a 
measure on X#^+ CT+T +^). Letting the numbers #tt, #a, #t, #t>, 
run from to oo we arrive at a measure m on X 5 

m = m(vr, a, r, g) = (a 7r a+ +T a T+w aJ)A ff+u . 

Using thm 1.9.1 we obtain 

m= / (a CT+r a+$)(cj)(a r+ „a+$)(cj)A w+CT+T+t , 

= / e(<T + r + cj,7r)£:(r + i; + a;,^)A w+(J+T+t , 

J UJ 

If </? e /C(X 5 ) then 

y m(7r,o-, r,v,g)(p(n,a, t,v,q) = J (p(a+r+uj, a, r, t>, r+w+cj)A w+(T+r+ „. 

Assume a Hilbert space 6 with countable base. We write the scalar 
product x, y i— > (x, y) often in the form introducing the dual vector 
x + . We denote by B(t) the space of bounded linear operarors on I. We 
provide B(t) with the operator norm topology. If A E B(t), then A + 
denotes the adjoint. 

Assume a function F : X 3 — > locally A-integrable, i.e. locally 
integrable with respect to e(A)® 3 , and /, # e /C S (X, t) ( continuous in 
the normtopology of t). The integral 



J m(7r,cr, T,v,Q)f + (7r)F(a, r,v)g(g) 

= J f + (a + r + u)F(a,T,v)g(r + v + uj)\ u}+(7+T+v = (f\B(F)\g) 

exists and defines a sesquilinear form on fC s (X, t). 
Using again theorem 1.9.1 we find 

m(n,a,T,v,g) = J (a+®(uj)(a+ +T a T+v a+®)(u})\ v+U} . 
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Remark 

(a+$ e )(w) = ^2e(a,<r)^ e (u\a) 

and obtain 

J m(7r, a,T,v,Q)f + (u)F(<T,T,v)g(Q) = J f + (uj)((OF)g)(Lo) = (f,0(F)g) 
with 

= E E f KF(a,P,v)g(u>\a + v). 

aCw(3cu)\a Jv 

So is a mapping from /C s (jC) into the locally A-integrable func- 

tions on X. 

Using the results of the last subsection ,we have 
m(7r, a, r, t>, g) = m(g, v, r, a, it) 

and obtain 

(/, O(F)g) = (g,0(F+)f) = (0(F+)f, g) 

with 

F + (a,T,v) = (F(v,T,a))+. 

Consider 

m(7r, <7i, n, f i, cr 2 , r 2 , f 2, £>) = ( a 7ra^ 1+Ti a T1+Ul a^ 2+T2 a t2+ „ 2 a+)A 7r+ „ 1+ „ 2 . 
Assume F, G : X 3 — > to be A-measurable and define 

= y m(7r, <7i, n, ui, cr 2 , r 2 , u 2 , 0)/ + (t)-F(<ti, n, fi)G(<r 2 , r 2 , u 3 )ff(e) 

provided the integral exists in norm. 

As it might be guessed from Wick's theorem, there exists an H such 
that B(F, G) = B(H). In fact we have the following theorem basically 
due to P. A. Meyer. 

Theorem 1.10.1 (Meyer's formula). 

H(a,T,v) = ^ / \ K F(a 1 ,a2+(3i+(32,li+l2+K)G{K+a 2 +a 3 ,(3 2 +(33+l2,l3) 

J K 
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where the sum runs through all indices «i, • • • ,73 with 



«i + a 2 + a 3 
P1 + P2 + P3 
7i + 72 + 73 



r 



a 



v 



This formula was proven in [3U] for C c -functions and can be easily 
extended to our more general case. Our formula differs fom Meyer's 
formula as the letters a, r, • • • denote index sets and not sets of real 
numbers. It is more general because it holds for for any positive positive 
measure and not only for the Lebesgue measure. We shall noe repeat 
the proof and we shall not use it in this paper. 



So a sufficient condition for the existence of (f\B(F, G) \g) is that 0(F + ) 
and 0{G) are bounded operators from /C S (X, V) provided with the 
L 2 (X, t, A)-norm into L 2 (X, t, A). 

2. Skorokhod Integral 
2.1. Definition. Denote m = 2JJ(R) , so 

SK = {0} + R + R 2 + ■ ■ ■ . 

We provide !tH with the Lebesgue measure dw . So for a symmetric 
function 



Definition 2.1.1. Assume a Banach algebra 23 and a function x 



symmetric in any of the variables w±, ■ ■ ■ } Wk and locally integrable in 
norm with respect to the Lebesgue measure on R x D\ h . Assume a 
Lebesgue integrable function f : R — > C The Skorokhod integral § J ' (f)x 
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We have 



(f\B(F,G)\g) = (0(F+)f,0(G)g). 





x : R x D\ k -> 23 
{t,Wt, ■ ■ ■ ,Wk) i-> x t (wi, ■ ■ ■ 



is given by 

(j (M(t ai ,--- ,t a „) = 

^ ] f(tc) x t c (tan j^aj-u^aj\c^aj + u it ak ) 
ceaj 

Remark 2.1.1. The function 

(wi, ■ ■ ■ , w k ) e X k i-> (j> (f)x)(wi, ■ ■ ■ , w k ) e 93 

is symmetric in any of the variables and locally integrable. 

Proof. The symmetry is trivial, for local integrability it is sufficient, that 
all functions have values > 0. Let g(w\, • • • , uik) be a continuous func- 
tion > Owith compact support, symmetric in any of the Wi, then by 
the sum integral lemma 



L 



Am) J Am) 



( Y (f) X ) (toil 5 ' ' ' 5 ta k ^)g(tai ; ' ' ' ; ta k )dt ai • • ' dt ak 




/ f(to) x t c (tai i ' ' ' it ak ) 
J Am) 



'A(SR) JA(m) 

9 (faii ' ■> ' ' ■> t ct .j rC) • • • , t ak )dt c dt ai ■ ■ ■ dt ak < oo 

□ 

2.2. A Skorokhod Integral Equation. 

Definition 2.2.1. Consider the subset 

{(tan ' ' ' it ak ) G 9\ k : all ti for i G ol\ + • • • + a k are different }. 

This subset differs from the set 9^ fc by a nullset. We define on that set 
a mapping S onto (5(R x {1, • • • , k}), where & denotes the set of finite 
subsets, by mapping 

(tai,- ■ ■ ,*aj ^ £ = • • • , (S n ,in)} 

where 

tai ~\~ ' ' ' ~\~ t ak {si, , S«} 

ii=j<$s t e t aj . 

Definition 2.2.2. Assume A ± , • • • , A k , B G 25 and define 

u(A u ■■■ ,A k ,B) :{s,t e R 2 , s < t} x <R k 

i->u*(Ai,-- - ,A fc ,S)(* ai ,--- ,t a J G 55 
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for the case holding a.e., that all points 

{s, t} U {U : i G «i + h a k } 

are different by 

u\(Ai,--- ,A k ,B){{t ai ,--- ,t* k ) = l{s < si < ••■ < s n < t} 
exp((t - s n )B)A in exp((s„ - s n - 1 )B)A in _ 1 

x ■ • • x A i2 exp((s 2 - s 1 )B)A il exp((si - s)B) 



where 
with 

Define 



Si < • • • < S„. 



e (^' ••'«'*) = otherwise ' (21) 



Write for short 



■3 



>s,t 

Theorem 2.2.1. AssumeA 1 , • • • , B G 23 and 

a; : (t, Wi, • • • , w k ) g1x£R*h x t (uii, ■ ■ ■ , u> fc ) G 23 

to fre a symmetric function in any of the variables W{ and locally inte- 
grable. Consider for t > s the equation 



Xt = e + Aj ® x + / Bx u du. 

j — l J s,t Js 



3 

Then 

x t = u t s (A u --- ,A k ,B) 
is the unique solution of that equation. 

Proof. The proof is very similar to that of [29] lemma 6.1. We include 
it for completeness. Using the mapping H of definition 2.2.2 we rewrite 
the equation for 

£ = {(si,zi), • • • , (s n ,i n )}] si < • • • < s n 

and obtain 

x t (Z) = e(£) + +J2 A h x s l (Z\(si,ii))Hs<s l <t} + B / x u {i)du 
i=i Js 
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We obtain 

x t (0) = 1 + B j x u (dl)du 

x0) = exp{{t-s)B) 

We want to prove by induction, that x t (£) = if {si, ■ • • , s n } <£]s,t[. 
Assume n = 1 and si <^]s,t[,then 

x t ({(si,ii)}) = B x u({(si,ii)})du 

hence x t ({(si, ii)}) = .If {si, • • • , s n } (£\s, t[, then at least one of the 
Si, either si or s n are not in ]s,t[. Assume si £]s, t[,then 

^(0 = J^A,{s < sj < *}^,(C\(si,*i)) + - B / x u(0 du - 

1=2 J s 

The first term vanishes, as Si G {si, • • • , s„} ^]s, £[ and therefor x t (£) = 
0. Now if si G {si, ■ • • , s n } c]s, £[, then x Si (£ \ (sj, = for I < n 
and x u (£) = for u < s n and 

^(0 = A„z Sn ({(si,«i), • • • , (s„_i,i„_i)}) + B / x u {^)du. 

J s n 

□ 

In a similar way one proves 

Proposition 2.2.1. For s < t the function 

s^y s = u*(Ai, • • • ,A fc ,S) 
is t/ie unique solution of the equation 

y s = e + ^2((t> y)Ai.- y u duB. 
j=i J s ' 1 •' s 

Remark 2.2.1. Use again the representation S and writing 

u s t (A ir -- ,A k ,B)(t ai ,--- ,t ak ) =u*(0 

£ = {( S l> • • • , ( S n, ^n)}; Si < • • • < S n 

and assume s < r <t and s J _ 1 < r < Sj, t/ien 

= t4(6K(6) 

6 = {(si,h),--- ,(sj-i,ij-i)} 
£2 = • ' ■ j ( s n>z n )}. 
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2.3. Functions of Class C 1 . 

Definition 2.3.1. Assume a function 

x: (Mai,"' ,t ak ) elx^Hi,^,... ,t a J €<B 

symmetric in t ai , - • ■ , t ak . Then x is called of class C° if the function 
is locally intergable and is continuous in the subspace, where all points 
t, ti, i G «! + ••• «fc are different. We call x of class C 1 if it is of class 
C° and if on the same subspace the functions 

±%)t(t ai , • • • , t ak ) 2-t±0 i taj-i i taj ~\~ ^ay+i i ' ' ' i ^Ck ) 

for j — 1, • • • , k exist and are of class C°. Here d/dt = d c is the usual 
derivative at the points of usual differentiability. Put 

D j x = R+x - Rlx 

Proposition 2.3.1. For fixed s is the function t \— > u^A-^B) and for 
fixed t is the function s \— > B) of class C l and one has 





= Bui 


(R{%) t 


= AjV* 


(#-«;)* 


= 




= -<B 


{RW)s 


= 


{RW) s 


= u^Aj 



for j = I,-- - ,k. 

We recall the definition of the Schwartz test functions on the real 
line. They form the space C£°(R) of infinitely differentiable functions 
of compact support. 

Definition 2.3.2. Assume f to be locally integrable on M., the Schwartz 
derivative is the functional given by 

(df)(v>) = - j f(W(t)dt 

for Schwartz test functions ip. If the functional is given by 

(df)(<p) = J g(t)<p(t)dt, 
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where g is locally integrable, we write 

9 = df. 

If / is continuous differential) le except a finite set of points {t±, ■ ■ ■ , t n },then 
its Schwartz diffential is the measure 

n 

df = d c f + Yl(f(U + 0) - f(U ~ 0))e ti (dt), 
i=i 

where d c f is the usual derivation outside the jumping points and e t is 
the point measure in the point t. 

We extend the notion of the Skorokhod integral to the weakly con- 
tinuous measure valued function eijh e x . Hence 

(<j> (e(dt))x)(t ai ,--- ,t ak ) = 



This expression is scalarly defined, i.e. for any function / with compact 
support in K. we have 

J{j\e(dt)x)f(t) = j\f)x 

Proposition 2.3.2. If x is of class C 1 , then its Schwartz derivative is 

k r j 



(dx t )(dt) = (d c x) t dt + J2 f (t(dt)(D j x). 

3=1 

Proof. We calculate 

- / ••• / dt ai ■ • • dt ak g(t ai , • ■ ■ ,t ak ) / dt(p'(t)x t (t ai , ■ ■ • ,t ak ) 

J A J A J 

where g is a continuous function of compact support.lt is sufficient 
to calculate the integral outside the null set , where all the ti with 
% G a,\ + ■ ■ ■ + ah are different. Using the representation (def 2.2.2) 

"(^ai) 5 ^"fc) = £ = J ( s tn in)} 

with si < • • • < s„,we may write 

dt(p'(t)x t (t ai ,- ■ ■ ,t ak ) = - dt(p'(t)x t {€) 



I 



dt v (t)d c x t (o + Y,<p(tj)(X'MZ) - ^-o(0)- 

J'=l 
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The second term equals 

k 

^ V 9 (^c)(^ c +o(^ai, - - - , ta k ) — X tc -o(t ai , ■ ■ ■ , t a J) 
j=l c£ctj 
k 

= ^Z^viQ^x)^^, - ■ ■ ,t ajV ,--- ,t ak ) 

j=l c£aj 
k j 

= J2((f (ip)Dix)(t ai ,--- ,t ak ) 
From there one obtains immediately the proposition. ^ 

3. Quantum stochastic processes of class C 1 

3.1. Definition and Fundamental Theorem. Recall definition 2.3.1 
of functions of class C 1 and use instead of the index sets a±, ■ ■ ■ , the 
index sets a, r, v and set 23 = B(t), where t is a Hilbert space. Assume 
x t (a, t.v) of class C 1 and denote 

(R±x) t (t<r, t T , t v ) = X t ±o(U + {t}, U, t v ) 

(R±x) t (t a , t T , t v ) = x t ±o(U, t T + {t}, ty) 
(-R± 1 x) t (t (J , t T , t v ) = x t ±o(t a , t T , t v + {t}) 
(D l x) t = (R\x) t - (R l _x) t 

Recall the definition of the measure 

m(7r, a, r, v, g) = (a n a+ +T a T+v a+) X n+V 

and the sesquilinear form subsection 1.10 

(f\B(F)\g) = J m (n,<j,T,v,g)f + (n)F(<j,T,v)g(g). 

Definition 3.1.1. If x t is of class C 1 , we call B(x t ) a quantum sto- 
chastic process of class C 1 . 

Theorem 3.1.1. If x t is of class C 1 , then the Schwartz derivative of 
(f\B(x t )\g) for f,g e JC s (JR,t) is a locally integrable function 

d(f\B(x t )\g) = (f\B(d c x t )\g)+ 

(a(t)f\B(D l x t )\g) + (a(t)f\B(D°x t )\a(t)g) + (f\B(D- l x t )\a(t)g) 
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Proof. Using the proof of proposition 2.3.2 we have 
J d t ((f\B(x t )\g))<p(t) = - j {f\B{x t )\gW{t)dt 

= J mf + (n)d t x t (a, T,v)g(g)ip(t)dt 

+ / raf + (7v)^2x tc (a\c,T,v)g(g)ip(t c ) 
J ceo- 

+ / mf + x tc (a,T\c,v)g(g)ip(t c ) 

J cer 

+ / mf + {Tj)^2x tc ((y,r,v \c)g(g)(p(t c ). 

Using the sum integra lemma we obtain for the last three terms 
J (a 7T a^ +c+T a T+v a^)X 7T+v f + (n)(D 1 x) c g(g)ip(c) 

+ J (a 7 ra+ +T+c a T+c+v a+)\ 7T+v f + (n)(D 1 x) c g(g)ip(c) 

+ J (a 7r a+ +c+r a r+ „ +c a+)A 7r+w+c / + (7r)(L)" 1 a;) c ^(^)v9(c) 
and from there the result 



3.2. Ito's Theorem. Recall subsection 1.10 and consider the measure 
m(7r, <7i, Ti, v 1: a 2 , t 2 , v 2 , g) = (a n a^ 1+T1 a T1+vl a^ 2+T2 a t2+V2 apX 7r+vl+V2 . 
Assume F, G : 91 3 — > B(t) to be A-measurable and define 

(f\B(F,G)\g) 

m(7r, <7i, n, ui, cr 2 , r 2 , u 2 , ^)/ + (tt)F((Ti, n, ui)G(<7 2 , r 2 , 
provided the integral exists in norm. 



/ 



Theorem 3.2.1. Assume x t ,y t to be of class C 1 and that for f,g e 
/C s (9l, fi) the sesquilinear forms (f\B(F t ,G t )\g) exist in norm and t G 
K. 1— > (jt)|^) «s locally integrable, where 

F t e {x t , d c x t , R l ±x tl R±x t , Rg 1 x t } 

G t e {yud^RlyuRly^R^yt} 
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is any of the functions. Then the Schwartz derivative of (f\B(x t ,y t )\g) 
is a locally integrable function and yields 

d(f\B(x t ,y t )\g) =(f\B(d c x t ,y t )+B(f,d c y t ) + I- 1:+1 , t \g) 

+ (a(t)f\B(D l x t , y t ) + B(f, D l y t ) + I 0>+1>t \g) 

+ (a(t)f\B(D°x t , y t ) + B(f, D°y t ) + h M \a{t)g) 

+ (f\B(D~ 1 x t , y t ) + B(f, D~ 1 y t ) + I_ lfi:t \a(t)g) 

with 

I iJtt = B(K + x t , R? + y t ) - B(PJ_x t , PJ_y t ) 

Proof. Define 

^ I 1 if {t cr+T+t; }* has no multiple point 

1 otherwise 

As iV is a Lebesgue nullfunction we find for a Schwartz testfunction ip 
y{t)d(f\B{x u y t )\g) = ~ j dtip'{t)(f\B{x u y t )\g) 

= - J A c <//(c)/ + (7r)(l - N(ai,T 1 ,v 1 ))x t (a 1 ,r 1 ,v 1 ) 

(1 - N(a 2 , t 2 , v 2 ))y t (a 2 , r 2 , v 2 )#(£>)m(7r, <7i, ri, i>i, <7 2 , r 2 , f 2 , £>) 
We perform at first the integral over t c and obtain 

- J \c<p'(c)x t (<Ti, n, vi)y t {(J 2 , r 2 , v 2 ) 

= J dt(p(t)(d c x t (a 1 ,T 1 ,v 1 )y t (a 2 ,t 2 ,v 2 ) + (ar t (<ri, n, v^d^^, t 2 , v 2 )) 

+ XX^+o^ 1 ' Tl ' w i)^ c +o(^2, r 2 , i> 2 ) - X tc _ (<7i, ri, vi)y tc _ ((7 2 , r 2 , i> 2 )) 

where t c runs through all points of t ai+Tl+vl U t cr2+r2+L , 2 . Remark that 
the points of t CTl+ri+t;i and t a2+T2+V2 resp. are all different, but both sets 
might have common points. The sum over t c equals 

( x t c +o(o-i, ri, v ± ) - X tc _ ((7i, ri, vi))y tc _ (<7 2 , r 2 , v 2 ) 

ce(7i+ri+«i 

+ J] (^ c -o(o-i,n,fi)(yt c +o(^2,T2,fi) -ytc-o(o-2,T 2 ,i; 2 )) 

as e.g. 

X tc +o(o-l, Ti, Vi) - £ tc _ (<7i, Ti, Vi) = 

for t c t ai + Tl + Vl . 
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We discuss the integrals of the terms of the form 

( x tc±o(vi, n, Ui)(l-iV(<7i, ri, v 1 ))(y tc± o(a 2 , r 2 , v 2 )(l-7V(<7 2 , r 2 , u 2 )) 

Ceai+Ti+Vi 

and assume at first, that /, g, x t , yt, f are > and regard 
/ f( n ) Yl (^ c +o(o r i,ri,t;i)(l - N{a 1 ,T 1 ,v l )) 

cecrx+Ti+Vi 

(yt c +o(o-2,r 2 , v 2 )(l - iV(a 2 ,r 2 ,t; 2 ))5'(^)v?(t c ) 

tn(7T, (Ji,Ti, Vl,(J 2 ,T 2 , V 2 ,£>) 

= 1 + 11 + 111 
splitting up the sum into three parts 

£ =£+£+£ 

C6(Tl+Tl+l>l CGCT! cGti cGui 

We have using the sum integral lemma 

/= / f(7T)J2( R + x ^\c,T 1 ,v 1 )(l-N(a 1 ,T 1 ,v 1 )) 

yt c +o( cr 2,r 2 ,v 2 )(l - N(a 2 ,r 2 ,v 2 ))g(g)ip(t c ) 
m(n,(T 1 ,T 1 ,v 1 ,(T 2 ,T 2 ,v 2 , g) 

= J f(7r)(R 1 + x) tc (a 1 ,T 1 ,v 1 )(l-N(a 1 + c,T 1 ,v 1 )) 

y tc+0 (a 2 ,T 2 ,v 2 )(l - N(a 2 ,r 2 ,v 2 ))g(g)ip(t c ) 

( a TT a t 1 +C+T i a ri +V1 a t 2 +T 2 ^2 +V2 a ^)) ^TT+V! +V 2 

= J dt<p(t){a(t)f\B(RXx t ,y t )\g) 

The integral over N(l) and N(2) vanishes and y t+0 = y t a.e. with 
respect to the integrating measure. 
In the same way 

// = J f(7r)(R° + x) tc ('J 1: T 1: v 1 )(l-N(a U T 1 + c : v 1 )) 
yt c +o((?2,T 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 ))g(g)ip(t c ) 

(a 7T a a . 1 _|_ T1 +c a n +c+vi a a2 + T2 a r 2 +v 2 a g ) ^n+v 1 +v 2 
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The function 

'y t (a,T,v) \it c £t a+T+v 

i Wl AT( \ \ I {R x v)t{?\l>,T,v) i£t = t b ,bea 
y t+0 {a,T,v){l- N{a,T,v)) = < 

{R"y)t{cr,T\b,v) if t = t b , b e r 

^R' 1 y) t (a,T,v\b) iit = t b ,bev 

is denned everywhere. Recall that it vanishes, if t a+T+v has multiple 
points. We have 

a c a+ 2+T2 = a + a2+T2 a c + ^ e(c, 6)a+ Nb+7a + ^e(c, &)< +T2 \ 6 

and split the expression 77 into three parts 

77 = 7A + 77 2 + 77 3 . 

We obtain 

Ih= J f(7r)(R° + x) tc (a 1 ,T 1 ,v 1 )(l-N(a 1 ,r 1 + c,v 1 )) 
yt c +o(v2, t 2 , v 2 )(l - N(a 2 , t 2 , v 2 ))g(g)ip(t c ) 

( a TT a c r 1 +Tl+c a Tl+Vi a c r 2 + T2 a T2+V2+c a Q )^TT+V 1 +V2 

= J dMt)(a(t)f\B(R° + x t ,y t )\a(t)g) 

Using the sum integral lemma 

77 2 = J f{-K){Rlx) t X^T l ,v l ){\ - N{a l ,r 1 + c, Vl )) 

^e(c, b)y tc+0 (a 2 ,r 2 ,v 2 )(l - N(a 2 ,r 2 ,v 2 ))g(g)ip(t c ) 

beer 2 

( °7r a ai + n +c°ti +Di a CT2 \b+T 2 ° r 2 +^2 °g )-^7r+Di+U2 

= j f(n)(R + x) tc (a 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 + c,v 1 )) 
yt c +o( a 2 + c,t 2 ,v 2 )(1 - N(a 2 + c,T 2 ,v 2 ))g(g)(f(t c ) 

= J dtip{t){a{t)f\B(R%x t ,R l + y t )\g) 
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and again 



Ih= J f(ir)(R° + x) tc (a 1 ,T 1 ,v 1 )(l-N(a 1: T 1 + c : v 1 )) 

J^ e ( c ' b )ytc+o(v2,r 2 ,v 2 )(l - N(a 2 ,r 2 ,v 2 ))g(g)ip(t c ) 



ber 2 

( a ir a a 1 +T 1 +c a ri +vi a ,j 2 + T2 \b a T2 +V2 a q ) ^7r+l>i +V2 

= J f(7r)(R° + x) tc (cJ 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 + c,v 1 )) 
Vt c +o{<72 + c,t 2 ,v 2 )(1 - N(a 2 ,r 2 + c, v 2 ))g(g)ip(t c 

( a TT a t 1 +T 1 +c a Tl +V1 a t 2 +T 2 a T 2 +C+V 2 fl £ ) ^TT+Vl +V 2 

= J dMt)(a(t)f\B(R + x t ,R° + y t )\a(t)g) 



Similar 



///= j f(7r)(R+ 1 x) tc (<Ji,T 1: v 1 )(l-N(a 1: T 1: v 1 + c)) 

yt c +o( a 2,T 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 ))g(g)ip(t c ) 

(a 7r a r7l+Tl a Tl + Vl + c a (T2+T2 a T2 + V 2 a g ) ^n+v 1 +c+v 2 
=IIh + III 2 + III Z 



with 



IIh= J f(7T)(R- 1 x) tc (cr 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 ,v 1 + c)) 

yt c +o((?2,T 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 ))g(g)ip(t c ) 
(a 7T a^ i+Ti a T1 j rVl a^ 2+T2 a T2+V2+c a'^}X 7T+Vl+c+V2 

dt^t)(f\B{R- l x u y t )\a{t)g) 
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and 

III 2 = J f(ir)(R- 1 x) tc (a 1 ,T 1 ,v 1 )(l-N(a 1 ,T 1 ,v 1 + c)) 

£ ( c ' b )ytc+o(°2, t 2 , v 2 )(l - N(a 2 , t 2 , v 2 ))g(o)tp(t c ) 

b<=(T2 

(a 7T a cri +n a Tl + Vl a a2 \b+ T2 a r 2 +v 2 a s ) ^w+ui +c+v 2 

= J f{7r){R- 1 x) tc (a 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 ,v 1 + c)) 

(Rly)t c ( a 2, t 2 , v 2 )(l - N(a 2 + c, r 2 , v 2 ))g(g)ip(t c ) 
(a w a^ i+Ti a T1+Vl a^ 2+T2 a T2+V2 a^}\ 7T+Vl+c+V2 

= J dt<p(t){f\B(R?x t ,Rly t )\g) 

and finally 

III Z = J f(7r)(R- 1 x) tc (a 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 ,v 1 + c)) 

^e(c, b)y tc+0 (a 2 ,r 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 ))g(g)ip(t c ) 

ber 2 

( a -K a ai + Tl 0>T\ +V\ 0' (J2+T2 \p a T 2 +V 2 a Q ) ^TT+Vl +C+V 2 

= J f(TT)(R- 1 x) tc (a 1 ,r 1 ,v 1 )(l-N(a 1 ,r 1 ,v 1 + c)) 
(-R+yk^^, v 2 )(l - N(cr 2 ,r 2 + c,v 2 ))g(g)(p(t c ) 

( a n a ai+Ti a Ti+vi a a2+T2 a " r 2+c+V2 a Q )^n+v 1 +c+v 2 

= J dtv{t)(f\B(R- l x u Rly t )\a(t)g) 
Collecting all terms 

I+II+III=jdt^{t){{a{t)f\B{RXx t ,yM 

(a{t)f\B{R%x t ,R\y t )\a{t)g) + (a(t)f\B(R° + x t , R° + y t )\a{t)g) 

+ (/|B(i?;V,y t )|<?) + {f\B(R?xt,& +Vt )\g) + (/|B(i?;V,y t )]<?>) 
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The assumptions of our theorem guarantee that all expressions exist 
and we may extend the formuals to vector and operator valued func- 
tions. By analogous calculations 

f( n ) + Yl (ztcioOri^fiXl - N{a 1 ,T 1 ,vi)) 

(yt c +o(v2,T 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 ))g(g)ip(t c ) 
m(7i,a 1 ,T 1 ,v 1 ,a 2 ,r 2 ,v 2 , g) 



J dt<p(t)K± t+ (t) 



and 



/ /( 7r ) + ( x tc-o( <r u T i,Vi)(l-N(a 1 ,Ti,Vi) 

ce(T2+T2+V2 

(yt c ±o(v2,T 2 ,v 2 )(l - N(a 2 ,T 2 ,v 2 )g(g)ip(t c ) 
m(n,a 1 ,T 1 ,v 1 ,(T 2 ,T 2 ,v 2 , g) 

= J dt(p(t)K.±(t) 



We have 



- K {1) + K {2) 
A ±,+ - A ±,+ + -"-±,4- 



5^- 



with 

^I 1 ?-^ = <«(^)y|^(^^, 2/ £ )|^>-K<«(t)y|^(^ 2/t) |« (t)5f> ^_ </ -| jS( ^ ± i^ ; 2/ t )|«(^)^> 

K% = (a(t)f\B(x u Biy t )\gMa(W^ 
and 

= (a(t)f\B{Rlx u Rly t \g) + (a(i)/|£(it: ± z t , #° jft|a(f)<7> 

+ {f\B(Rl l x u Rly t \a(t)g) + (/^(i^ 1 ^, i^b}- 

From there one achieves the final result without big difficulty □ 
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4. A Quantum Stochastic Differential Equation 

4.1. Formulation of the Equation. We shall investigate the quan- 
tum stochastic differential equation which reads in the Hudson- Parthasarathy 
calculus 

dtUl = AidBfUl + AodAtUl + A_ x dB t U\ + EU\dt, U s s = 1 

where A±, Aq, A-i, B are Operators in B(t). 

In his white noise calculus Accardi formulates it as normal ordered 
equation 



dUl/dt = Aia+Ut + A a+Ula t + A_ x \J\a t + BU\ 



Our approach is very similar to Accardi's one. We understand U\ as 
a sesquilinear form over K. S (^R) given by 

(f\Ut\9) = J f + ^)u t s (or,T,v)g(g)a 7T a^ +T a T+v a^\ w+g 

where ul is locally integrable in all four variables. We formulate the 
differential equation in the weak sense 

(d/dt)(f\Ul\g) 

= (a(0/|A 1 ^b> + (a(0/|i4 o ^|a(t)»> + (/|A_ 1 ^|a(0ff> + (/|S^b> 
or better as integral equation 

(Wl\g) = (f\g) + J* driairMAilT.lg) + J* dr(a(r)f\A U r s \a(r)g) 

f ' dr(f\A^U:\a(r)g) + f dr(f\BU r s \g) (*) 

J s J s 



+ 



for t > s We shall show that this equation has a uniques solution, which 
can be given explicitely. 

4.2. Existence and Unicity of the Solution. 

Lemma 4.2.1. The equation (*) is equivalent to the Skorokhod integral 
equation (**) 

ul = e + Ai j) u s + A (t> u s + A-x (p u s + B dru r s (**) 

Js.t J s,t J s,t Js 
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Proof. Cosider e.g. the term 
j\r(a(r)f\A U:\a(r)g) 

= J l{ s ,t](t c )f + (u + cr + T + c)A u t s c (a, r, v)g(u + T + v + c)A w+CT+T+t;+c 
= / ^2Ms,t](t c )f + (^ + o- + T)A u t s c (o-,T \c,v)g(u + r + w)A w+(7+r+l) 

= J f + {u + a + r)A (jf u s )(a,T,v)g(u + T + v)X U)+a+T+v 



Remark that the function ul(a, r, v) is determined by the sesquilinear 
form (f\Ul\g) Lebesgue almost everywhere. □ 
Applying theorem 2.2.1 we obtain immediately 

Theorem 4.2.1. Equation (*) has a unique solution namely 

Ut^BiuHA^A^A^-B). (**) 

4.3. Invarianz of IV Continuity. 

Definition 4.3.1. We define the Fock space 

T = L 2 s (m,t,X) 

of all symmetric square integrable functions with respect to Lebesgue 
measure from 91 to t. If f is a mesurable function on 9K define the 
operator N by (Nf)(w) = (#w)f(w) and define Tk as the space of 
those measurable symmetric functions from 9^ to t , for which 

(f(w)\(N +l) k f(w))dw < oo 

A(«R) 

We denote by \\.\\r k the corresponding norm. We write for short 

for the space of all symmetric continuous functions from 9K to t with 
compact support. Call ¥^ n \resp. the subspace, where f(w) = for 
#w > n. 

We extend the notions of a and a + . We define a(ip\)f = a((p)f and 
a + ((p)f for ip G L 2 (R) and / G T.We have the well known relations 

a^irW^r^ HaM/||r<v^lMMmir 
«M + : rW -> r(" +1 ) \\a(<p) + f\\ r < V£TT|MMI/llr 
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Lemma 4.3.1. Assume a Lebesgue measurable function 91 — > t, then 

J k + ^{M = k} ll/(e + ^)ll 2 = (/|(f 

Proof. The LHS of the last equation equals 

□ 

Proposition 4.3.1. Assume 

Ul^Oiu^A^A^-B)). 
Then there exist constants C n ^{t — s) such that for f E K,^ 

ll^/l|r fc <C n , fe (*- S )||/|| r 
Furthermore for t j s and f e K, 

\\Ulf ~ f\\r k ^ 0. 

Proof. Define 

C = max(|| AIM = 1,0,-1,11511), 

then 

\K(a,T : v)\\ < e c ^C*° + *^l{t a+T+v C [s,t]} 

= e c ^e(x)(o- + r + v) 

with 

X (r)=Cl M (r). 

We have using 1.10 
WO(ul)f(oo)\\ 

<EE / A„exp(C7(t- a ))( e (x)(<7 + r + t;)||/(a;\(7 + t;)|| 

= ex P (C(t-s))(B! s SlT t s \\f\\)(uj). 
For g e lC^(fR,R),g> we have 

(T t s g)(u) = J \ v e( X )(v)g(uj + v) = (exp(a(x))g)(u). 
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As Tl : /C*™) — > /C*™) , we may estimate the IVnorm by the T-norm.We 
have 

n 

KqW < YSM^y/n{n-\)--{n-l + l)C\t - s) l/2 \\g\\v 



1=0 



as 



IIxIIl^ = cVt^S. 

Further more we have 

Si . /c(n) _> r W, (^)H = ^e(x)(r)^(c) = e(l + 



tCu) 



and 



Again 



ll^llr<(l + Cr||^|| r . 



i$ : rW - r (it^)(u;) = 52e(x)(<T)g(u> \ a) = (exp(a + ( X )g)(c 
and 

oo 

\\#.g\\ < X)(l/Z!Mn + l)(n + 2) • • • (n + 0C"(t- S )'/ 2 |M| r = c ri (t- S ) ||^|| r 



We calculate 



(i2fc)(w+0 = £ e(x)((r)((a;+e)V) = £ e(x)(6+^i)^(^+6) 



^e(0(^i)e(x)(wi)(a&^)M = ^ e W(6)(exp(a + (x)a 6 ^)(w) 



and 



^9 



y w(^)(w+o) 2 i{#e=*> 

<2 k fx uH e(x 2 )(6)(exp(a + (xK 2 ^)H) 2 l{#e = A:} 

<2 fc ^ / hAx 2 m){c n - k2 {t ~ s)f I \ i2+ „{ H2 g){u)f 
<2 k (l/h\)C^(t-s)^(c n „ k2 (t-s)y(g (?) 

k ^= k \ vw 



and 



5 



5 



< 



From there follows the first assertion of the proposition. 
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We investigate the second assertion. As 
(0(«i/-/)(o;) = X; E J ^ a (<T,T,v)l{a+T+v^9}f(u;\a + v) 



aCco rCw\ff 

we may estimate the norm by 



J2 E / *veMC(t-sMx)(v+T+v)\\f(u;\a+v)\\l{a+T+v^®} 

= exp(C(t- S ))(i?^T s t -l)ll/ll)H. 



uClo tCu>\<t ' 



We have 

W^g-gWr 

n 

< Y,( 1 / l[ )Vn(n-l)---(n-l + l)C l (t - s) l / 2 \\g\\ r = O(Vt^) 
1=1 

We have 

aS t a -l)g)(u>) = ((e(l + x)(v)-l)g(v) 

= X(c)e(l + \ cfoM < £ X ( C )(1 + C)-^(c). 

As f e JC n , there exists a compact interval X C R, [s, i] C such 
that (?(c<j) < e(l K )(uj) for #w < n , if g(uo) < 1 for all uo. We have 

X(c)(l + Cr-'g{u) < X(c)(l + CTe{l K ){u \ c) 

The norm may be estimated by 

V^+lVt^~s{\ + C) n exp(|fT|/2). 

We have 

((R s t -l)g)({i + u;)= Yl e(x)(6)(exp(a + ( X ))a^)M-a^H 



= E e (x)(6)(exp(a + (x))a 6 ^)(^) + (exp(a + (x))-l)a ? )^(^) = 
The T-norm square of / can be estimated by 



2 k (l/h\)C^(t-s^(c n „ k2 (t-s)f(™) 



2 =0(t-s). 



k\+k2=k 
fcl^O 
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The norm of II can be estimated by 

oo „ 

J^mWin + l)(n + 2) ■ • • (n + T)C\t - sf\ / X^g^ + uff' 2 
1=1 J 

= o(Vt=7) 

From these results one obtains the second assertion of the proposition 
easily. n 

4.4. Time Consecutive Intervals. We consider again ul(Ai, Aq, A-i\ 
We showed in 4.4, that C(m'J : -> Y is bounded. So #«X) ex- 
ists (see 1.10). 

Proposition 4.4.1. For s < r < t we have 

B(u t r ,u:)=B(u t s ). 

Proof. If {r, s, t, T a+T+T }' is without multiple points, then we showed 
in remark 2.2.1 

ul(o-, r, v) = u\. (a' 2 , t 2 , v 2 )u r s (a[, t[,v[) 

with 

a' 2 = {c G a : r < t c < t}, a[ — {c G a : r < t c < t} 
etc.. Hence 

u\(?,t,v) = u t r (a 2 ,T 2 ,v 2 )u r s (a 1 ,T 1 ,v 1 ) (*) 

cr\+cr2=cr 

T\+T2=T 
V\+V2=V 

as from this terms only those terms survive, where 0\ = o-[,a 2 = 
a' 2: - • ■ . We have 

(/|£«,0|#) = J f + (KK(cr 2 ,T 2 ,v 2 )u r t (a 1 ,T 1 ,v 1 )g(e) 

( a TT a t 2 +T 2 at '2 +V2 +T1 +Vi a ^)X 7r + Vl + V2 

We claim that the last term equals 

j f + (n)vt r (o-2, t 2 , v 2 )u r t {a u ri, v^gig) 

(a n a^ 2 +T2 +T1 a. r2 +?J2 a n +«i a ^ ) ^7r+ui+D2 (**) 
Take c G r 2 + f 2, e -g- c £ v 2 , then 

a r 2 +«2 a CTi+ri = a r 2 +« 2 \c a CTi+-ri ac £ ( C ' ^) ar 2+«2\c a ( - 1 + Tl )\ c - 
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But 

j f + {^)u t r {(J2, t 2 , v 2 )u r t (a 1 , n, vjgig) 

e(c, b) (Q'TTQ' < j 2 + T2 a t2+v2\c a ( a - 1+T1 )\i ) a Ti+vi a Q ) ^tt+vi+v2 = 

as 

J \ c e(c, b)l{r <t c < t}l{s < t b < r} = J A c l{r < t c < t}l{s < t c < r} = 0. 

With the help of these considerations we prove successively (**) and 
with the help of (*) and the sum integral lemma we obtain the result. □ 

4.5. Unitarity. 

Theorem 4.5.1. Assume u l s = u^Ai, A , A_i, B). The mapping 

o(ul) : k - r 

can be extended to a unitary mapping 

ul-.v^ r, 

iff the operators Ai, i — 1,0, —1; B fulfill the following conditions: There 
exist a unitary operator T such that 

A = T - 1 

A 1 = —TAti 

B + B+ = -Af A! = —A-iAti- 

Proof. We recall proposition 2.3.. For fixed s is the function t i— > u l s 
and for fixes t is the function s i— > u\ of class C 1 and one has 





= Bui 




= AjV* 




= 




= ~<B 


(RW.) S 


= 


(RW) S 


= <Aj 



for j = 1,0,-1. We recall Ito's formula theorem 3.2.1 Assume x t ,y t 
to be of class C 1 and that for f,g e TC S {%K, t) the sesquilinear forms 
(f\B(F t ,G t )\g) exist in norm and t e R h (/|B(F t , G t )|^) is locally 
integrable, where 

Ft G {x t , <9 c a; t , R±x t , R°±x t , RZ 1 x t } 
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G t e {yt, d c y t , R±yt, R±yt, R±~Ut\ 

is any of the functions. 

Then the Schwartz derivative of (f\B(x t ,y t )\g) is a locally integrable 
function and yields 

d(f\B(x t ,y t )\g) =(f\B(d c x t ,y t ) + B(f,d c y t ) + I„ h+ht \g) 

+ (a(t)f\B(D l x t , y t ) + B(f, D l y t ) + I 0>+1>t \g) 

+ (a(t)f\B(D°x t , y t ) + B(f, D°y t ) + / ,o>(0<?} 

+ (/IBp" 1 ^,^) +£(/, J D- 1 y t ) + J_ li0 >(f)<7) 

with 

= B(R\x t , R j + y t ) - B(Rix t , R j _y t ) 
We want to calculate the Schwartz derivativs of 

t^(f\B{{ul)\u\)\g) 

s^{f\B(ul,(ul) + )\g). 
The derivativs exist, because u : K, — > Y. We obtain 

d t (f\B((ul) + ,ul)\g) = {f\B(u + ,C lU )\g) + (a(t)f\B(u + , C 2 u)\g) 

+ (a(t)f\B(u + ,C 3 u)\a(t)g) + (f\B(u + , C 4 u)\a(t)g) 

d s (f\B(u t s ,(u t s ) + )\g} = (f\B(u,C 5 u + )\g) + (a(t)f\B(u,C 6 u+)\g) 

+ (a(t)f\B(u,C 7 u + )\a(t)g) + C 8 u + )|a(0<?> 

with 

d = B + B + + A+Ai C 5 = £ + fi + + A-iAlj 

C 2 = AU + Ai + A+Ax C 6 = Ai + Ati + AqA^ 

C 3 = A+ + A + A+A C 7 = A + A+ + A A+ 

C 4 = A+ + A_! + A+A C 8 = A_! + A+ + A_ X A+ 

The operator is unitary iff both derivativs vanish and they van- 

ish, iff Cj = 0, % — 1, • • • ,8. The equations C 3 = and C 7 = imply 

(1 + A+)(l + A ) = (1 + A )(l + A+) = I. 

So 

T = 1 + A 

is unitary The equations are not independent We have C 2 = C 4 and 
Cq = C 8 . Furthermore 

C 2 = Al x + (1 + A+)A X = At, + T+Ai = T+CV 
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So C 2 = implies A 1 = —TA^ ± , and from there C\ = C 5 . □ 



Definition 4.5.1. Fort < s we define 

Ul = (U t s ) + . 
Proposition 4.5.1. For r, s,t, G K we have 



ului = u f s . 



Proof. For s < r < t and t < r < s the assertion follows from 
proposition 4.4.1. For s < t < r we calculate 

(fWlUlg) = (UlfmYOJtg)) = (f\Ulg). 

The other variants can be calculated in a similar way. n 



4.6. Estimation of the r fc -norm. Recall subsection 1.10 

J m(7r,a,r,v,g)f + (u;)F(a,r,v)g(g) = J f + (uj)((OF)g)(io) = (f,0(F)g) 

with 

((0(F)g)(uj) = J2 E / + 

So O(-F) is a mapping from /C S (X) into the locally A-integrable func- 
tions on X. Extend it to those functions g, such that the integral exists 
in norm for almost all uu. 

Lemma 4.6.1. Assume a locally integrable function F : !tH 3 — > 
swc/i that for g E K, we have \\0(F)g\\ r < const\\g\\ r and \\0(F + )g\\ r < 
const\\ g || r- Let T : T — > T £/ie operator , such that O(F) is the restric- 
tion of T to /C. T/ien i/ie restriction of T + to JC. Assume 
f G T suc/i too* 0(||F||)||/|| G L 2 (R) ; tfien 

T/ = 0(F)/ 
Proof. Assume g,h G /C,then 

(/i|T 5 ) = (h\0(F)g) = J h + (u)F(a,r,v)g(g)m 

= J g+(Lo)F+(a,T,v)h( Q )m= (0(F + )h\g) = (T + h\g) 

with 

m = (a 

So 0{F + ) is the restriction of T+ to /C. 
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We have 

J \\h(u;)\\\\F(a^v)\\\\g(g)\\ m <oc. 

Hence 



J h + (uj)(0(F)f)(uj)duj = J f+(u>)(0(F+)h)(u>)<b> = (f\T+h) = (h\Tf). 
As this holds for any h e K, the assertion follows. □ 



Lemma 4.6.2. Asssume u\ = ul(Ai,B) satisfying the unitarity condi- 
tions and U\ the corresponding unitary operator. Assume G 1 , • ■ • , G k e 
B{t) and s = t < ti < ■ ■ ■ < t k < t k+1 = t and 



F(a, t,v) 



• • •G , 2 M^(o- 1 ,r 1 ,t; 1 )G'iM* 1 (o-o,ro,t;o)- 



iTO+cTlH hCTfc=(T 

to+tiH Yr k =r 

vo+vi-\ \~V k =V 



Then for f e K, 

0{F)g = U\G k U\l_ x G k -i ■ ■ ■ G 2 U t t fG 1 U t /g 

Proof. The case k = is clear. We prove by induction from k — 1 to 
k. Put for short 



Then 



F = ^u(k)G k ---u(l)G 1 u(0) = Yl u(k)G k F'(a',r',v') 



cr k +ir'=cr 
v k +v'=v 



with 



F'(a', t', v') = u ( k ~ • • • u ( l )GM0) 



CT()H hcr fe _ 1 =o-' 

roH \-r k _!=t' 

uoH hufc-i=f' 

Go back to the proof of 4.4.1. Put 

C = maxfllAIM = 1,0, -1; ||S||; \\Gi\\,i = 1, • • • , k). 
For g G /C we have 

ll(0(||F||)|b||)||r<c|M| r 

ll(0(ll^ll)NI)llr<c'y| r . 
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For h e K 

J h + (u)(0{F)g)(u))\ u = J h + (n)F(a, r,v)g(g){a n a^ +T a T+v a^)X n+v . 
Using the same argument as in the proof of 4.4.1 the last term equals 
J h + (n)u(k)G k F\a\T\v')g(Q){a^a+ k+Tk a Tk+Vk a+^ 
Now following theorem 1.9.1 

(a n a^ k+Tk a Tk+Vk a+, +T ,a T i +v ia+) = / (a 7T a^ k+Tk a Tk+Vk a^ J )(a UJ a^ l+T ,a T > +v >a^) 
As 

J F'(<j',T',v')g( g )(a„a+ +T ,a T , +v/ a+)\ v , = {0(F')g)(u) = f(u) 
the integrability conditions are fulfilled and one obtains 
J h + (cu)(0(F)g)(u;)\ u ,= J h + 

+T k a r k +v k a uj ) ^TT+V k ■ 

The conditions of the preceding lemma are fulfilled, the last expression 
equals 

(h\Ulj) = (h\U t tk G k U t t l i G k ^---G 2 U t ^G l U^g) 
using the hypothesis of induction. □ 

Theorem 4.6.1. For any k there exists a polynomial P of degree < k, 
such that for g ET k 

\\Ulg\\ 2 rk < P(\t - s\)\\g\\l k . 
Proof. Following lemma 4.3.1 and proposition 4.3.1 we have for / e K. 

(Ulf\{^j\Ulf) = J ||(f/ s V)(^ + OH 2 A^<oo 
Hence / \\(Ulf)(u + OIIX < °° for allmost all £.We have 

U 3 + V) 

and 

^2 J + w 2 + 6, V)f(u 2 + 6 + ^3 + & + V) 



= (0((ul)^ 2 ))f^ 3 )(u;) 
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with 

("atafcO 7 * T,v)=U t 8 (<T + Zi,T + Z 2 , V) 

fei+*(Q) = f(ti + b + Q)- 

Assume that the multiset {s, t, t%, t a+T+v }' is without multiple points 
and order the set 

{(U, 1) : i G 6} + {U, 0):^U = {(h, ii), ■ ■ ■ , (U, U)} 
with ti < • • • < ti and ij G {1, Oj-.Then 

u* (a h n, vi)A il u t t l l _ i (<tj_i, r z _i, 

CO+ClH hC(=<T 

To+nH hn=r 

fo+t>iH \-vi=v 

Using the last lemma we obtain for h G JC 

0((u%^)h = U\A H ■ ■ ■ A^UllA^h 
If C = max(||A||, \\B\\), then 

WO((ul)^ 2 )h\\ r < C*^l{t, 1+ , 2 C [s,t]}\\h\\ r . 

Finally 

< J A 6+6+5 3C 2# « 1+ ^)l{% +6 C S ,t}||/ 6+f3 ||^ 

<c* k J2 (*-*)^o</i(, )i/> 

k 1+ k 2+ k 3 =k v* 2 + 

The proof for t < s goes in the same way. n 



5. The Hamiltonian 

5.1. Definition of the One Parameter Group W(t). Denote by 
•&(t) the rightshift on R and extend it to !tH, 

#(*)(<!,••• ,t n ) = (h + t,--- ,t n + t) 

If {ti, • • • , t n }' is a multiset we define 

#(t)Ol,-" ,U" = Ol +V" ,*« + *}" 
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In the notation {t 1? • • • ,t n }' = t a we write $(t)t a = t a + te a with 
e« = {l, • ••,!}•■ 

If / is a function on 9^, then ($(t)f)(w) = f($(t)w). If /i is a measure 
on JH, then is defined by the property 

J Wt)n(dw)) (mfW) = J ^(dw)f(w). 

If /i(dw) = g(w)dw then <d{t)n(dw) = ( , &(t)g)(w)dw. Simlar notations 
hold for D\ k . We have 

(■&(t)e x )(dy) = e t - x (dy). 

Lemma 5.1.1. If W is an admissible sequence, then (W)\ U) _\ U > + is a 
shift invariant measure. 

Proof. Following 1.9 this measure is a sum of measures where each 
one is a tensor product of measures of the form 

A(tfti, • • • , dt n ) : J A(dti, • • • , dt n )f(t u •••,«„) = J dtf(t, ■ ■ ■ , t). 

So it is clearly invariant due to the invariance of Lebesgue measure dt. □ 

Using the defining formulas one obtains immediately 
Lemma 5.1.2. One has 

9(r)«* = u\-_ r r 

for r,s,t e R. 

Define a unitary operator 0(t) on T by Q(t)f = Q(t)f. 

Proposition 5.1.1. The operators [/*, s,t e M /orm a cocycle with 
respect to Q(i), i.e. 

0(r)[/<0(-r) = 
Proof Use the invariance of 

and obtain 

/+W<;( ( r,r ) t;) ff (rfm = | (e(-r)/ + )(7rK(<7, r, v)(&(-r)g)(g)m 
= {e(-r)f\Ute(-r)g) = (/|0(r)C/ s '0(-r)<7>. 

□ 
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Proposition 5.1.2. Define for t e K 

W(t) = e(t)t& 

£/ien is a unitary strongly continuous one parameter semigroup 

on r. 

Proof. We have W(0) = 1 and 

W{s + t) = G(t + s)C/* +s = 0(s)0(t)c/* +s 0(-t)0(t)f^ = W(s)W(f) 
and 

= c/o e(-t) = 0(-t)f/(T* = w(-f) 

□ 

An immediate consequence of theorem 4.6.1 is 

Proposition 5.1.3. The operators W(t) map the space Tk into itself 
and 

\mt)f\\i k <p(\t\)\\f\\i K 

where P is a polynomial of degree < k. 

5.2. Definition of a, a + ,<9. If (p is an integrable function on the real 
line, we define 

S((p) = I ip(t)0(t)dt 



an operator mapping into for all k . 

If v is a measure on R and / a locally integrable function , symmetric 
function on 9{, then 

(a + (u)fX)(u) = J2 "(<0/(w \ c)A(w \ c) 

We shall use again the convention of L.Schwartz and denote fX by/. 
So 

(a>)/)H=]>>(c)/(u;\c). 

ego; 

We set 

a = a(e ) = a(0) a + = a + (£o) 

We use gothic a + in order to distinguish from a + (dx) = a + (e(dx)) used 
in the preceding text. a(e ) = a(Q)g is the same as before. We have 

= ^eoidtjfit^c) = ^2e (dt c )f(t u \ c )\(dt u \ c ). 

The duality relation (subsection 1.3) becomes 

g(u>)(a + f)(u>) = J (ag)(uj)f(uj)X(uj). 
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Lemma 5.2.1. Assume f e L 2 (R n ) and y? G (L 1 nL 2 )(R). Tnen 0(y?) 
maps the singular measure a + f into a absolute continuous measure 
identified with its density and we have 

(0(y?)a + /)(U = ¥>Hc)(e(-f c )/)(a; \ c) 

Tne application Q(ip)a + can &e extended to a mapping Tk — > I^-i and 
we nave 

lie^a+ZHr,., < IMMI/llrv 

VFe have 

J g(u;) + (e(<p)a + f)(t„)du; = j \^ + )g) + {u)f{u)du. 

with tp + {t) = (p(—t). One obtains 

(a6(<p)/)(ti, ■■■ ,t n ) = J ip(s)dsf(s, ti + s, • • • , t n + s). 

The application can be extended to a mapping Tk — > r^_i and we nave 
llaOH/Hr^ < |MMI/||rv 

Proof. One has 

dsip{s)Q(s) ^2e (dt c )f(t LU \ c )X(dt UJ \ c ) 

ds V (s)Q(s)J2^-s(dt c )(Q(s)f)(t u)V )\(dt u}V ) 

= / tfe^(-s)6(-s) J3e i (d* c )(e(-s)/)(* wV )A(dt a; \ c ) 

ceo; 

= X)vHc)(e(-g/)(a;\c)A(a;) 

So 0(ty?) works as a mollyner,as it is called in the theory of Schwartz's 
distributions, making a function out of a singular measure . The other 
results folllow by simple calculations. □ 

Lemma 5.2.2. If <p G (L 1 n L 2 )(R) and f G L 2 (R n+1 ) ; tnen 
x G M n+1 i — ^ a(x) 

g{x){ti,--- ,t n ) = (e(<p)f)((0,t ir -- ,t n )+x) 

maps R™ +1 mto L 2 (IR n ) and a; i— > a(x) zs a continuous function bounded 
by |MU 2 (R)II/IU 2 (R"+ 1 )- 
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Proof. We have with e = (1, 1, • • • , 1) 
\\g(x) - g(y)\\ 2 L 2 {Rn) 

= j dt 1 ---dt n \\fds<p(s)(f((0,t 1 ,--- ,t n ) + se + x) -/((O, ,t n ) + se + y)\\ 2 

^ \\ ( P\\h(R)Jdti---dt n Jds 

||/(s + x ,ti +s + xi, ■ ■ • ,t n + s + x n ) - f(s + y ,ti + s + y 1 , ■ ■ ■ ,t n + s + y n )\\ 2 
= \\ ( P\\h(R)I dt o--- dt n\\f(to + x ,--- ,t n + x n ) -f(t + y , •■■ ,t n + y n )\\ 2 
= lbll! 2w ll(T(x)-T(y))/||| 2(R „ +1) 

where T(x) denotes the translation by x. The bound for ||<7(x)|| can be 
shown in the same way. □ 

Lemma 5.2.3. Assume f G L 2 (W n ) and rj G L 2 (R) a continuous 
bounded function on R \ {0} with right and left limits at or with 
other words rj is a continuous bounded function on R . We show 

x e ^ g {x) e L 2 (R n ) 

g{x)(t ir -- ,t n ) = (e(77)a + /)((0, ,t n )+x) 

and 

\\g(x)\\ L 2 {Rn) <{n + 1)|MUI/||l W 

for all x G L 2 {W l+1 ) and x \— > g(x) is continuous in {(xq, xi, ■ ■ ■ , x n ) : 
x 7^ 0}. We have g(0±,xi, ■ ■ ■ ,x n ) exist and 

g(0+, x 1: ■ ■ • , x n )-g(0-, x 1: ■ ■ • , x n ) = -(rj(0+)-rj(0-))T(x 1 , ■■■ , x n )f 
where T(x) is the translation by x. 
Proof. We have 

(e(7/)a + /)(t ,ti, • • • ,t n ) = k (t ,t!, •••,*„) H h fcn(*o,*i, •••,*„) 

with 

k n (to, t±, ■ 

Define 

ffi(a;)(ti,-- - ,t n ) = fci((0, - ,f„) +x) 
and discuss at first gi with i 7^ 0, e.g. g n .We have 

^„(a;)(*i, • • • ,t„) = k n ((0,t 1: ■ ■ ■ ,t n ) + x) 

^( t n ) f {xq 2J n t n , X\ X n I ^ X tfi) 1 %n—l <En tn—l t n 

= r](-x n - t n )(T(x')f)(-t n , t x - t n , • • ■ , f n _i - t n _i) 
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• • , tn) — V(~to)f{tl — to, t 2 — to, ■ ■ ■ , t n — t ) 

■ ■ , t n ) = v(-h)f(to -t 1 ,t 2 -t 1 ,--- ,t n -h) 

, tn) f]\ t n ) f(to t n , t\ t n , , t n —l t n ) 



n-l)|| 2 



with 

X (xo X n , El ^ii) ; ■En—1 *^n)- 

From there one obtains 

\\g n (x)\\ < \\v\Ufl 

We have 

J dt 1 ---dt n \\k n ((0,t 1 ,--- ,t n )+x)-k n ((0,t 1 ,--- ,t n )+y)\\ 
<2 J dti ■ • • dt n \r}(-x n - t n ) - r}(-y n - t n )\ 2 

|| (T(x')f )(-t n , i n-1 - t n _ x ) || 2 

+2||77||^ y d*i---^„||(T(a; / )-W))/(-*n,ti-tn,--- 

For y — > x the first term goes to zero by the theorem of Lebesgue, in 
the second term observe, that z i— > T(z)f is normcontinuous.So <? n (x) 
and gi(x),i ^ is continuous for all x. We have 

ffo(aj) = v(-to)f(ti +xx- x , t 2 + x 2 -x ,--- ,t n + x n - x ). 
From there one obtains the result. □ 

We double the point and introduce 

M =]- oo,-0] + [+0,oo [ 

with the usual topology. A function / on Ro is continuous, if its re- 
striction to R\ {0} is continuous and if both limits /(±0) exist. We 
define 

= {0} + M + K + ■ ■ ■ ■ 
We introduce on R and on 9^o the Lebesgue measure A. A continuous 
function on R\{0} which has left and right limits at 0, can be considered 
as a function on M. . We define the measures e±o and for symmetric 
functions / on £H the operators a± = a(e± ) and a± = a + (e± ) and 
shall use similar conventions as above. We put 

=|(e+o + £-o) a=|(a + + a_) a + =±(aj + a±). 
A 5-sequence is a sequence of functions (p n G such that 

Jip n (t)dt = l, J \(p n (t)\dt < C < oo, supp(v?„) c] - £„,£„[ 

and e n | 0. 

Definition 5.2.1. We call a 5-sequence ip n a symmetric 5-sequence if 
the ip n are real and if ip n (t) = ip n (—t) for all n and t. 
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Proposition 5.2.1. Assume two functions f and i] fulfilling the con- 
ditions of lemma 5.2.3, then aQ(rf)a + f exists ,and 

I|a©(^)a + /Ilr < NUI/||r a 
and if (fi n is a symmetric S-sequence, then aQ((fi n )Q(r))af exists and 

ae(^„)e(77)o + / -> ae(77)o + / 

Proof. We apply lemma 5.2.3. We have 

{Q( V )a + f){s, fx,..., t n ) = g{s, 0, • • • , 0)(fi, • • • , t n ) 

and g(s, 0, • • • , 0) — > g(0+, 0, • • • , 0) for s I 0. From there one con- 
cludes the existence of a<d(r])a + f We have 

{ae{s)Q{ v )a + f){t ir -- ,t n )=g(s,--- ,s){t ir -- ,t n ) 

and g(s, • • • ,s) — > g(0+, 0, • • • , 0) for s J, 0. From there one obtains 
the rest of the proposition. □ 

Denote 

C(t) = l{t > OK* 

and 

/•oo 

Z = 0(C) = / e -t e(t) df 

Definition 5.2.2. T/ie vector space D CT is defined by 
D = {f = Z(f + a+/i) : /o e Tx, A e r 2 } 

As a consequence of lemmata 5.2.2 and 5.2.3 for / G -D the map- 
ping / — > a/ exists and defines a application a : -D — > T, which stay 
bounded, if ||/o||ri an d ||/i||r 2 stay bounded. Assume (p n to be a sym- 
metric 5-sequence and / G _D,then a0(y2 n )/ — > af in the norm of T. 

If / G C 1 (M n ) and </? n a 5-sequence. Then 

©(Vn)/(*) = / ¥4(a)/(* + ae)ds 

= - / ¥>n(*)/'(f + *e)rf S - - X] = - 

This motivates 

Definition 5.2.3. We define 

d=-]ime(<fi' n ), 
where (fi n is a symmetric S-equence. 

The sense of the convergence and the domain of d will be explained 
in the following proposition. 
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Proposition 5.2.2. Assume (p n to be a symmetric 5-sequence, then 
for n — > oo and f = Z(f + a + fi) G D 

weakly over D, i.e. for g e D 

- J g + {u){Q{ V ' n )f){u) - | <?»(9/)H. 
Proof. One has 

-e(^jz = -e(^ B *o 

where * denotes the usual convolution and 

<Pn * C = ¥>n * C' = ¥>n * (^0 ~ C) = <Pn ~ <Pn * C- 

So 

-e(^ = -ew + ewz 

and for / = Z(/o + a + /i) we have 

-ew/ = -eo^x/o + o + /i) + e^g/ 

Now Q(ip n )f and Q((p n )fo converge to /,resp./o in T- norm. We inves- 
tigate forgED 

J g(t ,t!,--- ,t m ) + 0(v? n )(a + /i)(t o ,ti, • • • ,t m )dt - ■ -dt m 

= J (aQ((p n )g)(ti, ■ ■ ■ ,t n )f(ti, ■ ■ ■ ,t n )dti ■■■dt n 

-> J - ,*n)/(*i>*- - ,t n )dt!- ■ -dt n 

= J g(h,--- ,t n )(a + f)(t 1 ,---t n ) 

by proposition 5.2.3. □ 

Proposition 5.2.3. TTie sesquilinear form 

f,geD~(f\idg) = J f + (u)(idg)(u;) 

is symmetric, i.e.(f\idg) = (idf\g). 
Proof. One has 

y g + (to,h, ■ ■ ■ ,t m )(0(^)/)(to^i, • • • ,t m )dti ■■■dt m 

= - J {Q{(p' n )g + ) (t , t u ■ ■ ■ , t m )f(t , t m )dti ■■■dt m 
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as ip n (—s) = <p n (s) and hence ip n (—s)' = —ip n (s). This establishes the 
symmetry of i<9. n 

5.3. Discussion of the Resolvent. We go back to the group W(t). 
Definition 5.3.1. For z e C, ^ we define the resolvent R(z) 

R( z ) = l- i SS°^ t W(t)dt for%z>0 
V ^-oo e izt W(t)dt for Qz < 

Furthermore we set 
S(z 



_ \ -i / °° e izt W(t)a(t) for $fz > 
" 1 * J°oo e izt W(t)a(t) for Sz<0 



and 

k(z) 
and 

R(z) = Q(k(z)) = 



-il{t > 0}e izt+Bt for %z > 
il{t > 0}e izt ~ B+t for Sz < 

-% r o °° e lzt e Bt Q{t)dt for Qz > 
+iJ° oo e izt e- B+t Q(t)dt for $fz < 



Proposition 5.3.1. We /zawe /or / e K. 

R(z)f = R(z)f 

(iR(z)a + A l R(z)f + iR(z)a + A S(z)f + iR(z)A_ 1 S(z)f 
+ [-iR(z)a + At 1 R(z)f - iR{z)a+A+S{z)f - iR(z)A+S(z)f 

The upper line holds for Qz > 0, the lower one for Ssz < 0. 

Proof. Directly from the definition for t > s 

ul(a,T,v)=e B ^e(a,T,v) 

+ e B ^l{t c e [s, t]}A lU ^(a \ c, r, v) 

+ e B{t - tc) l{t c e [s, t]}Aoi£(a, r\c,v) 

+ e B{t -^l{tc e [s, (a, r,v\c) 
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= e B(t - s) e(a, r,v) 

+ <i° \ c, r, t;)A ie B ^- s )l{t c G [s, t}} 

eGcr 

+ r \ c, ^)A oe B ^- s )l{t c G [a, *]} 

+ *4>, ^ « \ c)A_ ie ^- s )l{t c G [a, f]}. 

Hence 

(ul) + (a,r,v) = (ul(v,r,a) + = e B+ ^e(a,r,v) 

+ e B+ ^~ s h{t c G [s, t]}A+_M c ) + (* \ c, r, t;) 

cGcr 

+ £ e B+ (tcs) l{tc e[Sjt]}A + ( U *c) + ((7 , r \ C; v) 

+ £ e B + Cc-)i{t c G [ s ,i]}A+(^)>,r, t; \ c) 

Assume f,g & K, and using the same arguments as in the proof of 
theorem 2.2.1 we obtain 

(/|£/&) = (/|e fl <*->ff) + J* d r ((a(r)f\e B WA 1 U:g) 

+ (a(t)f\e B ^A U:a(r)g) + {f\e B ^A^Ula(r)g)) 

and 

</l(^) + S> = (/|e B+( ^) + ^r((a(r)/|e B+ ^A+ 1 (^) + 5 ) 

+ (a^fle^^A+iUya^g) + (/|e B+ (— U+^+a^)) 
Finally for t > 

</|E&> = (/|e Bt ff) + [ t dr((a(r)f\e B ^A l U r g) 

Jo 

+ (a(r)/|e B ^A C/ r a(r) 5 ) + (/| e B (*^)A_ 1 £^a(r)</» 

and for t < 

(/|t&> = (/l(O?) + 0> = (/|e- B+t ^) + j'drda^fle^^A^g) 
+ (a(r)/|e B+ ^A + ^a(r)^) + (/| e B+ ^A+^a(r)^)) 



We want now to calculate the resolvent for ^sz > 

POO l>CO 



/»oo /»oo 

(f\R(z)g) = -i / dte izt {f\Q{t)Uig) = -i / dte M (e(-t)f\U*g) 
Jo Jo 



and consider e.g. the term 

"OO pt 

— I 



JO 

— i 

' 'o 

-oo 



dte izt I dr(a(r)Q(-t)f\e B ^A U r a(r)g) 

dt ds e iz(t+s) (a(s)Q(-t - s)f\e Bt A U s a(s)g) 

= ~ i JJ dt ds e lz{t+s) (a(0)e B+t &(-t)f\A &(s)U^a(s)g} 

= (aR(z) + g\tA S(z)g) = i{f\R(z)a + A S(z)g). 
By similar calculations one finishes the proof. □ 

Corollary 5.3.1. If f G K, we may write 

R{z)=R{z){g {z) + a + gi {z)) 

with 

(iA_ 1 S(z)f for%z>0 



9o(z) = f + 
and 



[-iA+S(z)f for$z<0 



C{z) = 



iA 1 R(z)f + iA S(z)f for > 

-iA+ 1 R(z)f - iA+S(z)f for %z<0' 

Lemma 5.3.1. We have 

R(z) +iZ = -i(l + iz + C(z))R(z)Z = -i(l + iz + C(z))ZR(z) 
with 

'B for$z>0 
^ -B + for %z < 

Proof. Use the equation 

K (z) + < = -i(l + + C(z))(C * k) = -i(l + + C(z))(« * C) 

□ 

Lemma 5.3.2. We /iawe £/ia£ / = Z(f + a + /i) is in D iff 

f = R(z)(g + a + 9l ), 
with g G r\ and g 1 G T 2 . 
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Proof. Assume at first that / = R(z)(g Q + a + * gi), using lemma 5.2.1 
we see that / G Ti and by lemma 5.3.1 



/ = -iZ(g + a + 9l ) - i(l + iz + C(z))Zf 



and / G D.By interchanging the roles of Z and R(z) one shows that 
every / G D is of that form. Q 



Proposition 5.3.2. The resolvent 



R(z) : KL —> D 



Proof. By proposition 5.1.3 



W{t)f\\l k <P{\t\)\\f\\l 



where -P(|t|) is a polynomial in of degree < A;. So e.g. for Ssz > 



If / G /C, the function / G T k for all k. The functions a(t)f,t G R are 
uniformely bounded in any IVnorm. Hence R(z)f and S(z)f are in 
r fe for all fc. The proposition follows from cor. 5. 3.1. □ 

Proposition 5.3.3. Using the functions go(z) , gi(z) of corollary 5.3.1 
and C(z) of lemma 5.3.1 we have for f G /C 



e(yO%) = * «(*)) = e(y? n * «(*)') 

= -iG((p n ) + (i* + C(z))e( ¥ >„) J R(z) 

So 

-ie(^)^(z)(^o + a + <?i) = -e(^ n )(^o + a + £i) + (z - iC(z))e(^„)/ 




idR(z)f = -g - a + 9l + (z - iC(z))R(z)f. 
Proof. The Schwartz derivative 

k(z)' = —ie + (iz + C(z))k(z) 
and if <p n is a symmetric 5-sequence, then 



converging weakly over D to 



idf = ~9o ~ agi + (z - iC(z))f 
From there one obtains immediately the result. □ 
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Proposition 5.3.4. For f E KLwe have 

asw = s W + ( ft* <*> { + for » z > 

Proof. We prove at first the case Qz > 0. Following the arguments of 
the proof of theotem 4.6.1 we have for t > 

(U^ t f)(co + c) = (U° t a(t c )f)(uj) 

+ l{t c e [-tAWlA^JKu) + {UlA,U%a{t c )f){uj)) 

and 

(fl(*)/)(u/ + c) 

/»00 /»00 

= -i dte iz \®(t)Ulf)(uj + c) = -i / dte izt (U° t e(t)f)(uj + c) 
Jo Jo 

/■oc 

= -i / dt(U°_ t e(t)a(t c + t)f){u) - il{t c < 0}Ul 
Jo 

(poo poo \ 

A 1 J dte %zt (U%Q(t)f)(uj) + A J dte lzt (U%Q(t)a(t c + t)f)(u)J . 

One concludes 

( J R(^)/)(0+,t 1 ,---,t n )=( 1 S(^)/)(t 1 ,---,t ri ) 

(i2(*)/)(0- ti, • • • , t n ) =(5'(z)/)(*i, •••,*„) + •••,*„) 
Similar for $52; < 

(i^)/)(0+, * n ) =(S(z)f)(t u ■■■,t n ) + A^RWmu ■■■,t n ) 

+ A+(S(z)f)(t ir -> ,t n ) 
(R(z)f)(0-,t ir -- ,t n )=(S(z)f)(t 1} --- ,t n ) 

□ 

5.4. Characterization of the Hamiltonian. By Stone's theorem 
there exists for the unitary strongly continuous one parameter group a 
unique spectral family (Ex)\eR such that 

W(t) = J e~ itx dE x 

The infinitesimal generator of W(t) is — iH with 

H = I \dE\ 
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and H is the Hamiltonian of W(t). Define the norm 

11/11* = / * 2 WEJ). 

The domain D H of H is the set all those / e T, for which ||/||h < °o 
and if is bounded with repect to that norm. The resolvent 

R(z) = J l/(z - X)dE x 

defines a bounded operator from T onto D H . The equation 

(z - H)R(z) = 1 

shows that the mapping R(z) is bijective. As /C is dense in T we have 
that R(z)K, is dense in with respect to the D^-norm.We make at 
first an AnsatzH for H 

Definition 5.4.1. Assume four operators M , M ±1 , G e 5(6) such that 

M + = M M+ =M_i G + = G, 

then define by 

H = id + Mxa + + M a + a + M_xa + G. 

an application from D into the singular measures on 9^ ■ We identify 
again measures with densities with respect to Lebesgue measure with 
their densities. 

By proposition 5.3.2 we have that R(z)f e D for / e JC . The foolow- 
ing lemma is a direct consequence of prop. 5. 2. 3 and the assumptions 
about the coefficients. 

Lemma 5.4.1. The sesquilinear form 
f :9 eD^{f\Hg) 

= (f\(id + G)g) + (af\M l9 ) + (af\aM g) + (/|oM_ l5 ) 
exists and is symmetric. 

Proposition 5.4.1. Assume f = Z(f + a + /i) G D. Then Hf is a 
absolute continuous mesure with density in T iff 

-ih + MJ + M af = 

Proof. An immediate consequence of the formula 

Hf = -i(f + a + fi) + M,a + f + M a + af + M^af + Gf. 

□ 
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Definition 5.4.2. Define by D the subspace of those functions e D, 
which obey the condition of the last lemma and denote by H the re- 
striction of H to D f 

Corollary 5.4.1. As H is symmetric on D ,it is symmetric in D too. 

The conditions for the unitarity of the operators 0(u t s )(A i , B))were 
(thm.4.5.1) that the operators A i: i = 1,0,— 1; B fulfill the following 
conditions: There exist a unitary operator T such that 

A = T - 1 
A 1 = -TAti 
B + B + = -Af A! = -A^At v 

Theorem 5.4.1. The operator H fulfills the equation 

HR(z)f = -f + zR(z)f (*) 



for all f G /C iff 



A 



Mi 



o 



-M /2 
A_j = M_i 



As a consequence 



i - M /2 

i- M /2' 
i + M /2 



B = -%G - |M_!- tt^M x 



T 



i - M /2 

If equaton (**) is fulfilled, then R(z) maps JC into D . The domain 
Dh of the Hamiltonian H ofW(t) contains Do and the restriction of 
H to Dq coincides with the restriction H of H to D and D is dense 
in T and H is the closure of H . 

Proof. Assume at first > 0. By prop. 5. 3. 3 and 5.3.4 

idRf = -f - iAiSF - a + (iA 1 i?/ + iA Sf) + (z - iB)Rf 
aRf = Sf + \A l Rf + \A Q Sf 

Then 

HRf = -f + zRf + da + Rf + C 2 a + Sf + C 3 Sf + C A Rf 
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with 

d = -iA 1 + M l + iMo^x 
G 2 = -iA + M + |M A 
G 3 = -L4_! + M_i + ±M_ ± A) 
C 4 = -«B + G + \M_ l A l 

The equations Gi = G 2 = G3 = G4 = are equivalent to (**). 
For Qz < we obtain 

idR = -(/ - iA+Sf) + a + («A_ii2/ + A+S/) + (z + iB + )i?/ 
Again 

ifi*/ = -/ + + C[a + Rf + G 2 a+S/ + G 3 S/ + C' 4 Rf 

with 

CJ = iA+ x + Mi + iMoA+i 
G 2 = a+ + M + |M A+ 
G3 = iA+ + M_! + |M_xA+ 
G 4 = + G + iM-iAli 

Equations C{ = C' 2 = C' 3 = C' 4 = are equvalent to (**) as well, as it 
should be. 

Formula (*) shows, that R(z) maps K into D . 

As i7 coincides on R(z)lC with if and R(z)K. is dense in D H w.r.t. 
the Z}#-norm , it has a unique extension to Dh coinciding with H, and 
H is the closure of H . As R{z)K is contained in .D , the space D is 
dense in T. 

Consider the matrix elements for £ e /C and f E D 

(t\R(*)Hof) = (R(z)t\H f). 

Now -R(X)£ is in _D and using the symmetry of H the last expression 
equals 

(H R(z)Z\f) = (-Z + zR(z)Z\f). 
As /C is dense in T we obtain 

R(z)H f = -f + zR(z) 

and with H f = g 
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and 

II^H 2 = / J^x\-2(9\dE x g) = J j^~ 2 (f\dEJ). 
Put z = i/e and multiply by 1/e 2 and obtain 

Go e | and get 

|M| 2 = J (g\dE x g) = J \ 2 (f\dE x f) = \\f\\ 2 H < oo. 
So / G D H and 

R(z)H f = R(z)Hf 

and 

H f = Hf. 

This finishes the proof. □ 
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